SPECTRAL DENSITY OF STATES IN QUANTUM NANOCLUSTERS
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The density of states is studied by using disordered Hamiltonians for quantum systems. The electron
spectrum of nanoclusters is calculated for various type of disorder.

The knowledge of the electron spectra in semiconductor structures of nanosizes is very
important in modern condensed matter physics. This is related to the fact that due to quantum
effects on the submicron scale the distance between the discrete neighbouring energy levels
becomes less that the experimental temperature range, and less that the energy of inelastic scattering
of electron-electron interaction. One of the powerful and constructive approaches for calculating the
spectral density of states is direct modelling on the basis of Hamiltonians. In this paper we study the
single-electron density of states of quantum systems in the presence of various types of impurity
potential disorder.

We consider the spectrum of quantum particles in a random potential using the Anderson
model. The Hamiltonian of the model on a simple cubic lattice is given by
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where C,, creates an electron on the n-th site of a lattice. <n,m> implies that the second sum runs
over those n and m which are nearest neighbours (the coordination number is Z = 6). The random

potential is introduced via the on-site energies ©. (diagonal disorder). They are uniformly and
independently distributed in the interval from -W/2 to W/2, i.e. according to the "box' distribution.
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Here W denotes the strength of disorder. An Aharonov-Bohm flux ¢ is applied in all three directions
(three-component flux). The transfer integral ¢, = ¢ exp(-2mipa/L), contains a phase factor which is
given by the flux in units of the flux quantum ¢, = //e. In what follows we assume ¢ and the lattice
spacing a to be the units of energy and spatial distance, respectively. For W = 0 the Hamiltonian
Eq.(1) corresponds to a conventional tight-binding model (TBM). The critical disorder at the band
centre of this model is equal to W.= 16.5 for ¢ = 0. In addition to the "box distribution', we probe

another diagonal disorder, i.e. the model with the Gaussian distribution of the energies ¢ :
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The width of the Gaussian distribution is scaled in such a way that the second moments of P,(W)
and P,(W) coincide: o,(W) = o,(W) = W*/12. Correspondingly, at the band centre when E = 0 the
critical disorder for this model W:=20.9 [1].

The Hamiltonian Eq.(1) is numerically diagonalized for simple cubic nanoclusters of
different linear sizes L ranging from L = 5 to 32. The computational procedure is based on the
Lanczos algorithm for Hermitian matrices. First, we calculate the eigenvalues e; with the precision
less than 10™ and construct histograms for the density of states p(E) which is defined as follows:

pE)= 5 T (Ee,) @
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here p(E) is a global quantity, which is averaged of the whole volume of the nanocluster. Figures 1
and 2 demonstrate the spectral density of states p(E) at various disorder # in the nanocluster of size
L=20 with periodic boundary conditions for the uniform and the Gaussian distributions,
respectively.
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FIG. 1. The density of states p(E) of the Anderson model for different strength of randomness # with the uniform
distribution of the on-site energies Eq.(2). The data are obtained by direct diagonalization of a cubic quantum
nanoclusters of linear size L = 20 for the Aharonov-Bohm flux ¢g= 0 and averaged over many realizations. Solid line:
result of the tight-binding model (W = 0). Only the positive energy part is shown, due to symmetry with respect to the
band centre £ = 0. Inset: The density of states at the band centre p(0) as a function of disorder . Solid line is the
interpolation formula Eq.(5), dashed line is the Mott suggestion py(0)
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FIG. 2. The same as Fig. 1 for the Gaussian distribution of the on-site energies according to Eq.(3)
The oscillations of p(E) for small disorder W = 2 around the TBM result as one can observe

in Fig.1 are due to finite size effects. At such a small disorder the mean free path is much larger
than the system size L = 20. In fact, the spectrum of a clean (W = 0) finite system consists of a
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countable number of discrete highly degenerated levels, because the quasi-momentum operator
commutes with the Hamiltonian. Clearly, the number of the energy levels, their degeneracy and
positions depend on the size L, the lattice structure and the type of boundary conditions [2]. The
TBM result is only applicable in the thermodynamic limit. In the case of small randomness the
Bruillion zone is only slightly destroyed and the quasi-momentum is still a good quantum number.
Due to non-zero disorder the degeneracy is lifted yielding a set of overlapping sub-bands. The shape
of the density of states p(E) is symmetric around the band centre £ = 0, if the total number of the
lattice sites L’ is even or infinite.

With further increasing randomness W and the size L the overlap becomes stronger leading
to smoother behaviour of p(E). It is clear, that the forms of the density of states for sufficiently
small W (W <2Z) are almost equivalent for the both disorder models Pz and P;. Close to the critical
disorder W.= 16.5 for the box distribution the density of states is nearly constant in a wide central
part of the spectrum and is insensitive to the system size, provided that the size is sufficiently large.
Compared to the Gaussian distribution, it starts to decay drastically with the energy £ only in the
vicinity of the band edges. This is due to a strict energy-range confinement of P, which allows for
the exact bounds of the band edge, in contrast to Pg.

The typical energy range of this decay is of order of the hopping integral ¢ and does not
depend on disorder for W > ¢, while the band edge grows linearly with W. Obviously, in the limit of
W >>27 the shape of p(E) for both disorder models must tend towards the ‘bare' distributions Pz
and Pgc, because the diagonal part of the Hamiltonian Eq.(1) dominates over the hopping elements.
The disorder dependence of the density of states exactly at the band centre p(E£ = 0) is shown in the
inset of Fig. 1. It has been suggested by Mott [3], that p(0) varies with increasing W according to
pu(0) = (B> + W?)'?, with B = 2Z being the width of the unperturbed band. In fact, we have found
that the numerical data are described better by the following interpolation expression:
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where pram(0) = 0.148 and Pg(W) = 1/W is simply the distribution of the on-site energies Eq.(2). We
have checked for larger sizes L >20 that the data fall onto the same curve irrespective to change of
L. Notably, the equation (5) is of practical use for our unfolding procedure. The above interpolation
works quite satisfactorily also for the Gaussian distribution (see inset of Fig. 2), the term P; being
substituted by Ps(e=0). The results of our calculations for different non-zero values ¢ of the
Aharonov-Bohm flux indicate that the averaged density of states is flux-invariant, although the
positions of individual eigenvalues, as well as their short-range correlations depend on ¢.

It should be noted that despite the present numerical data for the shape of p(E) for various W
are in reasonable agreement with the analytical results obtained within the coherent-phase
approximation [4], a detailed comparative analysis is still required including also other types of
diagonal randomness, e.g. the binary and the Lorentzian distributions of the on-site energies.

It is interesting to compare the density of states of the Anderson model with that of the
random matrix theory (RMT). We have diagonalized the hermitian matrices whose all entries 4;; ,
with i; j < N are distributed around zero according to the box distribution Eq.(2) with the variance
oz= 1/12 (i.e. with W = 1). For both the orthogonal (f= 1) and the unitary (f = 2) matrices of size N
=100 the density of states p(E) is averaged over 10000 random realizations (and for N = 1000 over
20 realizations). As shown in Fig. 3, the results for different NV and for both types of symmetry are
well described by the semicircle formula valid for the density of states of RMT (see also refs in

book [5]) in the limit N >> 1.
— 1 2
Prur (E) = NG, V4pNo, —E~, (6)
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FIG. 3. The density of states p(E) of the random matrices of different size NxN calculated numerically for the
orthogonal (N=100 and 1000) and the unitary symmetry (N = 100) with the box distribution for all their elements Eq.(2)

W = 1. Continuous lines are the semicircle density of states pryr(E) Eq.(6). Only positive half of the band is shown
because p(E) is symmetric with respect to £ = 0. Inset: relative deviations dp(E) of the numerical results from pgyr(E)

for N = 100 for orthogonal (+) and unitary (x) symmetry. Energy is rescaled according to E — E/(4Noy)™"” (see text)

After rescaling E — E/(48Noy)? the equation (6) becomes universal 0, (E)=~1-E*,
irrespective to the size N and the symmetry f. One observes, however, the deviations from pzyr(E),
particularly at the band edges, which diminish with increasing the size of the matrices N. The
relative difference dp(E) = p(E)/ prur(E) -1 between our finite-N results and the limiting expression

is shown in the inset of Fig. 2 for the two types of symmerty. For example, the typical systematic

discrepancy for N = 100 lies within 1-2% in the central 3/4-part of the spectrum. The relative
deviation becomes stronger close to the band edges.
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KBAHTTBIK HAHOKJIACTEPJAPIAFBI KYWJIEPIIH COHEKTPJIK ThIFbI3IbIFbI
N.X. HKopekemen
KBaHTTHIK >XyHisepre apHaJIFaH peTTeIMEreH IraMIIbTOHUAHAPAbI KOJIAHbII KYMIEPIiH ThIFbI3IbIFbI
3eprrenineni. HaHokmactepiepaiH SIEKTPOHIBIK CIEKTPI PETCI3MIKTIH OpTYpii TypliepiHe apHajbIn
ecenTeniHeni.
CIIEKTPAJIbHAS INIOTHOCTH COCTOSSHUM B KBAHTOBBIX HAHOKJIACTEPAX
N.X. Kapexewmesn

W3ydaercss MIOTHOCTh COCTOSIHUH C MCIIOJIB30BAHHEM HEYMOPSIOYCHHBIX I'aMUIBTOHHAHOB IS
KBaHTOBBIX CHCTEM. OJICKTPOHHBIA CIHEKTP HAHOKJIACTCPOB BBIUUCIACTCS IS Pa3IMYHBIX THIIOB
Oecriopsiaka.
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