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SOLITON SURFACE ASSOCIATED WITH THE EQUATION
OF ASSOCIATIVITY FORN =3 CASE WITH AN METRIC =0

Abstract. The Witten—Dijkgraaf-Verlinde-Verlinde (WDVV) equations, also called the associativity
equations, is a system of nonlinear partial dilJerential equations for one function, depending on a finite
number of variables. The WDVV equations were introduced a few decades ago in the context of
two-dimensional topological field theories.The task of giving the associativity equations a geometric
interpretation has two complementary aspects. On one side, can write these equations in a form that
does not depend on the choice of the coordinates. On the other side, one must demand that the
geometrical structure should be capable to select a class of allnely related coordinates. The
coordinate selection rule is important in the geometrization of the associativity equations. In this paper,
we consider the soliton surface of the associativity equation. The equation of associativity originated from
2D topological field theory. 2D topological field theory represent the matter sector of topological string
theory. These theories covariant before coupling to gravity due to the presence of a nilpotent symmetry
and are therefore often referred to as cohomological field theories. The surface is constructed using
Sym-Tafel formula, which is a connection between classical manifold geometry and soliton theory.The
Sym-Tafel formula reconstructs a surface from knowledge of its fundamental forms, combines integrable
nonlinearities, and allows the application of soliton theory methods to geometric problems. The soliton
surfaces approach is necessary in the construction of so-called integrable geometries. Any class of soliton
surfaces is integrable. Geometric objects associated with the surfaces of the solitons can usually be
identified with the solutions to the strings. Thus in this work soliton surfaces for the associativity equation
for n = 3 case with an metric #;; # 0 are considered, and first and second fundamental forms of soliton
surfaces are found for this case. In addition, we study an area of surfaces for the associativity equation for
n = 3 case with an metric 5, # 0.

Key words: the equation of associativity, nonlinear equation, the Lax pair, first and second
fundamental forms, soliton surfaces, area of surfaces.
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Accoumaumn TeHaeyimeH 6aitnanbictbl 770 meTpukacbimeH
n = 3 afpaiipa conuToH berti

AHaatna. ButTteH-Amxkrpadp-E. BepamHae-T. BepanHae (WDVV) TeHaeyaepi, COHAAM-ak,
aCCOLMATUBTIAIK TEHAEYAepi Aen aTaAaTblH, CbI3bIKTbIK, €MeC >XYMeHi aiHbIMAAbIAAPAbIH COHfFbI
CaHblHa ToyeAAiAiriHe 6anAaHbICTbI Bip YHKUMS YLLiH XKeKe TybIHAbIAAFbI CbI3bIKTbl eMEC TEHAEYAEP
Xyieci 60Abin Tabbinasbl. WDVV TeHaeyAepi GipHelle OH XKbiA OypblH epic TEOpUSIAAPbIHbIH, eKi
OALLEMAI TOMOAOTMAABIK, KOHTEKCIHAE €Hri3iAai. [eoMeTpUSAbIK MHTeprpeTaumsiHbiH ©3apa TOAbIK-
ThipaTbiH eki acrnekTici 6ap. bip >karbiHaH, BYA TEHAEYAEPAI KOOPAMHATTAPAbI TaHAayFa 6aiAAHbICTbI
emMec TypAe >kasyra 60Aaabl. EKiHLI >kaFblHaH, reoMeTpUSIAbIK, KYPbIAbIM adUHAbI-OaMAAHbICKAH
KOOPAMHATTap KAaCblH TaHAayFa KabiAeTTi OOAybIH TaAan eTy KaxeT. KoopAMHaTTapAbl TaHAay
epeXkeci accoumaTuBTI TEHAEYAEPAI TFeoMeTpusAayAd MaHbl3Abl peA atkapaAbl. Ocbl >KyMbiCTa
aCCOLMATUBTIAIK TEHAEYIHIH COAMTOH GeTi KapacTbipblAaAbl. ACCOLMATMBTIAIK TeHAeyi epicTiH 2D
TOMOAOTMSIAbIK, TEOPUSICbIHAH ManAa 60AAbL. 2D TOMOAOIMSIABIK, ©PIC TEOPUSChI iLIEKTEPAIH TOMo-
AOTUSIABIK, TEOPMSICbIHBIH MaTEPUMAAAbIK, CEKTOPbl GOAbIN TabblAaAbl. ByA Teopusinap HUABMOTEHTTI
CMMMETPUSIHBIH B6OAYbIHA GaMAAHbICTbI FpaBUTaLUMAMEH GAMAAHBICTLIPY aAAbIHAQ KOBApPMAHTTbI XKoHe
COHABIKTaH >XMi ©pICTIH KOrOMOAOIMSIAbIK, TeopusiAapbl Aemn ataraabl. CaH aAyaHTYPAIAI 6eTTiH
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KAQCCUKAAbIK, TE€OMETPUSICbI MEH COAMTOHAAP TEOPUSICbIHbIH apacbiHAAFbl  OGalAaHbIC  GOAbIM
TabbiAaTbiH Cum-Tadeab hOPMyAacbiH KOAAQHY apKblAbl KypbiAFaH. Cum-TaceAb Aen aTaAatbiH
dopmyaa 6eTTiH ipreAi hopmanapbiH GiIAYAEH OHbIH aiKbiH KAATbIHA KEATIPYiH XXEHIAAETEAl, 8PTYPAI
MHTErparAaHOaMTbiH 6eiiCbI3bIKTbIKTapAbl BGIPIKTIPEAI XKOHE COAMTOHAAP TEOPMSCbIHbIH SAICTEPIH
reOMETPUSIAbIK, ecernTepre KOAAAHyFa MYMKIHAIK 6epeai. MHTerpaspaHaTbiH  Aen  aTaAatbiH
reoMeTpPUsIHbI KypyAa COAMTOHABIK GeTtep saici eTe mnanaasbl 6Goaasbl. Ke3 KeAreH COAUTOHADIK,
6erTep KAaacbl MHTErpaspaaHaabl. COAUTOHABIK, GeTTepMeH GarAaHbICKaH reOMETPUSIAbIK, HbICAaHAAPAbI
ilueKTepAiH LewimMaepiMeH aHbikTayFa 6oAasbl. COHbIMEH, OCbl MaKaAaaa 7;; # 0 METPUKACbIMEH N =
3 xarparbl ywiH WDVV TeHAeYiHIH COAMTOHABIK, OeTTepiH KapacTblpaMbl3, COHbIMEH KaTap OCbl
>KaFAAM YLiH COAUTOHAbIK, 6eTTepAiH GipiHwi XoHe ekiHwi ipreai popmasapbl TabbiaraH. COHbIMEH
Karap, 77, # 0 MeTpukacbiMeH n = 3 xarAanbiHaarbl WDVV TeHaeyi yiiH 6eTTiH ayAaHbl TabblAFaH.

Tyiiin ce3aep: accoUMaTMBTIAIK TeHAeyi, OeNCbI3biK, TEHAEY, AaKC >KyObl, OipiHLI >XoHe eKiHLui
ipreal niwiHeap, COAMTOH 6eTi, 6eTTiH ayAaHbl.
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CoAMTOHHAs NOBEPXHOCTb, CBSA3aHHas
C ypaBHeHHMeM acCOLMaTUBHOCTHU
AASl cayvas n=3c 720 meTpukon

AHHOTaums. YpasHenus ButteH-Amxkrpad-E.  BepamHae-I.Bepamnae (WDVV), Takxe
Ha3blBa€Mbl€ YPABHEHUSIMM  aCCOLMATMBHOCTM, MPEACTaBASIOT COOOM  CUCTEMY  HEAMHEMHbIX
YPaBHEHMN B YaCTHbIX MPOM3BOAHbIX AAS OAHOM (DYHKUMM, 3aBUCSLENA OT KOHEYHOro u4umcAa
nepemeHHbix. YpaBHeHns WDVV ObiAn BBEAEHbI HECKOAbKO AECSTUAETMIA Ha3ah B KOHTEKCTe
ABYMEPHBIX TOMOAOTMYECKMX TEOpUil TMOAY. 3aAaya MNPUAAHUS  YPABHEHWSAM aCCOLIMATMBHOCTM
reoMeTpuyeckon MHTepripeTaumm MMeeT ABa B3aMMOAOMOAHSOWMX acrnekta. C OAHOM CTOPOHbI,
MO>KHO 3anmcaTtb 3TV YpaBHEHUSI B BUAE, HE 3aBUCSILLLIEM OT Bbibopa KoopamHaT. C Apyroi CTOpPOHbI,
HeoOxoAMMO TpeboBaTb, UTOGLI reomerpuueckas CTpykTypa Oblaa criocobHa BbiGMpaTb KAACC
apPUHHO-CBA3aHHBLIX  KOOpAMHAT. [1paBMAO  BbIGOpa KOOPAMHAT UrPaeT BadkKHYl0 POAb B
reoMeTpu1saLmm ypaBHEHMI acCoUMaTMBHOCTM. B HacTosiwen paboTte paccMaTpMBaeTCsl MOBEPXHOCTb
COAMTOHA YpaBHEHWMS aCCOUMATMBHOCTM. YpaBHEHWE aCCOUMATMBHOCTM  BO3HMKAO M3 2D
TOMOAOTMYECKON Teopun MoAsl. 2D TonoAornuyeckas Teopusi TMOAs MNpPeACTaBAseT  coboit
MaTepuaAbHbIii  CEKTOP TOMOAOIMYECKOW Teopum CTPYH. IDTU TEOPUM KOBApUAHTHbI Mepep,
CBfI3blBAHWEM C TrpaBuTALMEN M3-32 HAAUMUMS HUABIMOTEHTHOM CUMMETPUM U MO3TOMY 4acTo
Ha3bIBAlOTCS KOrOMOAOTMYECKMMU TEOPUSAMM MOAS. [1OBEPXHOCTb MOCTPOEHa C MCMOAb30BAHMEM
dopmyabl  Cuma-Tadbend, KoTopasi SBASETCS  CBA3blI0  MEXAY KAACCMYECKOWM reoMeTpuen
MHOroo6pasusi 1 Teopuent coamToHoB. Dopmyaa cum-Tacheass BOCCTaHaBAMBaET MOBEPXHOCTb U3
3HaHUS ee (yHAAMEHTaAbHbIX (OPM, OObEAMHSIET MHTErpUpyemble HEAMHEMHOCTM W TO3BOASET
NPUMEHSITb METOAbl TEOPMM COAMTOHOB K TeoMeTpuuyeckuMM 3apavamM. [1oAX0A  COAMTOHHBIX
MOBEPXHOCTEN HEOOXOAMM MPU MOCTPOEHMM TaK Ha3bIBAEMbIX MHTErPUPYEMbIX reoMeTpuil. Ao6on
KAQCC COAMTOHHBIX MOBEPXHOCTEN WHTerpupyeTcs. [eomeTrpuyeckme O0ObeKTbl, CBA3aHHble C
MOBEPXHOCTSIMW COAMTOHOB, OObIYHO MOXXHO OTOXKAECTBUTb C PELLUEHNAMM CTPYH. Takum 00pasom, B
AAHHOM paboTe PacCMaTPMBAIOTC COAMTOHHbBIE MOBEPXHOCTM YPaBHEHUSI aCCOLUMATMBHOCTU AAS
cayydas n = 3 ¢ 51 # 0 METPUKOM, a Tak>Ke HailAeHbl repBasi U BTopasi (pyHAAMEHTaAbHble HOPMbI
COAMTOHHbBIX MOBEPXHOCTEN AAS AQHHOTO CAydast. Kpome Toro, HalaeHa naowaab NOBEPXHOCTEN AAS
YPaBHEHMS AaCCOLIMAaTUBHOCTU AAS CAyYaa n = 3 € iy # 0 METPUKOWN.

KAloueBble cAOBa: ypaBHEHME aCCOLMATMBHOCTM, HEAMHEMHOE ypaBHeHWe, napa Aakca, nepeas u
BTOpas PyHAAMeEHTaAbHas (POPMbI, MOBEPXHOCTb COAUTOHA, MAOLLAAb NMOBEPXHOCTU.

Introduction

The WDVV relation for genus O
Gromov-Witten (GW) invariants completely solves
the classical problem of enumerating complex
rational curves in the complex projective space P,
[1]. For genus-0 GW-theory, the associativity of
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quantum cohomology, which is equivalent to
WDVYV equation, led to Kontsevich’s solution to the
classical problem of counting degree d rational
curves passing through 3d — 1 general points in P,
[2].A system of PDE, called open WDVYV, that
constrains the bulkdeformedsuperpotential and
associated open GW  invariants of a
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Lagrangiansubmanifold L < X with a bounding
chain [3].In this paper we shall consider so-called
nonlinear partial differential equations of
associativity in 2D topological field theories (see [4,
5, 6, 7]) and give their description as integrable
nondiagonalizable weakly nonlinear systems of
hydrodynamic type. For systems of this type
corresponding general differential geometric theory
of integrability connected with Poisson structures of
hydrodynamic type can be developed. For an
arbitrary solution of the open WDVV equations,
satisfying a certain homogeneity condition,
constructed a descendent potential in genus 0
[8].For any mechanics, given by the metric and the
third order Codazzi tensor, it is possible to obtain
the superfield Lagrangian [9] by solving a simple
differential equation.Universal algebraic structure,
closely related with that of the WDVV equation,
govern quantum correlation functions of every
quantum field theory [10].Topological approach
provides a general framework for lifting relations
via morphisms between not necessarily orientable
spaces [11]. For isotropic (so(n)-invariant) spaces
provided admissible prepotentials for any solution
to the curved WDVV equations [12]. For every
flat-space WDVV solution subject to a simple
constraint provided a curved-space solution on any
isotropic space, in terms of the rotationally invariant
conformal factor of the metric [13]. Flat structure
was introduced by K. Saito and his collaborators at
the end of 1970’s. Independently the WDVV
equation arose from the 2D topological field theory.
B. Dubrovin unified these two notions as Frobenius
manifold structure [14].The concepts of Frobenius
manifold and Lenard complex must be strictly
related. They provides two ways of looking at the
same object from different perspectives and by
using different geometrical structures [15]. In
paper [ 16 Jcompared two different geometrical
interpretations of the WDVV equations of 2D
topological field theory. The first is the classical
interpretation proposed by Boris Dubrovin, based
on the concept of Frobenius manifold. The second is
a novel interpretation, based on the concept of
Lenard complex on a Haantjes manifold. In paper
[17]. determined correlators of topological quantum
field theories and provided explicit solutions to the
WDVYV equations.

We remind very briefly following Dubrovin [4]
the basic mathematical concepts connected with the
Witten-Dijkgraaf-E.Verlinde-H.Verlinde (WDVV)
system arising originally in two-dimensional
topological field theories [4, 5] and its relations with

the Dubrovin type equations of associativity. The
WDVYV equations, in general, have the following
form [4, 18]:

o’r ,, OF
——7) =
ot'ot’ot” T otlottor”
_0F _,, OF
ot'oror” ' arorior’

Vi, j,k,re{l,..n},

where F' is a prepotential, 77 is a metric.

Consider a function F(t),t= (tl,...,tn) such

that the following three conditions are satisfied for
its third derivatives denoted as [4, 5]

O F(1)
C Z‘ = 7
o (1) ot o’ or’

1) normalization, i.e.,
Nop = Clap(t)

is a constant nondegenerate matrix;
2) associativity, i.e., the functions

Cgﬁ ()= nygcsaﬁ (1)

for any ¢ define a structure of an associative
algebra A, in the n-dimensional space with a basis

€l,..,6y "
eqep = cgﬂ(t)e}, .

3) F(¢) mustbe a quasihomogeneous function
of its variables:

d d d
F e nt™y=c FFEE,...t")

for any nonzero ¢ and for some numbers
dy,....d,,dp .
The resulting system of equations for F'(¢) is

called the Witten-Dijkgraaf-E.Verlinde-H.Verlinde
(WDVYV) system [6, 7] (see also[4, 5]). It was
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shown by Dubrovin [4] that solutions of the WDVV
system can be reduced by a linear change of
coordinates to two special types:

(1) in physically the most important case

n—1
F()=12(:") 1" +12¢' Y 1 +

a=2

+1 (2.t

for some function f(tz,..., .
(2) in some special case

n—1
F(r)y=16(') +126 Y 11" +

a=l1

+1(E, .1,

In this work we consider the WDV'V equations
for n=3 case with an metric such that 77,1 # 0

1 00
n=l0 0 1|
01 0

Soliton surfaces for equation of associativity
for n=3 casewith an metric 7 #0

For n=3 case with an metric such that
1711 # 0, the dependence of the function F' on the

fixed variable 7' was found by Dubrovin [19, 20]
which is

F= %(11)3 +128 + 12,0 (1)

For this case the equation of associativity
reduces to the following nonlinear equation of the
third order for a function f = f(x,t)) of two

independent variables (x = tz,t =4 ):

f xxxfttt - f xxtf xtt — 1 > (2)

Let us introduce new variables a,b,c as
follows [20, 21]:
a= fyor b= faxts €= S 3)

In the above variables the equation (2) can be
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rewritten as a system of three equations in the
following way:

ay :bx’
b, = cy, (4)

. :((Habc)j

In the following sections we work with the
system (4).

First fundamental form of a surface

The corresponding Lax pair for the WDVV
equation for n=3 case to the system (4) is given
by

o =U0 (5)

O, =Vd 6)

where U=14 and V=AB. Here A and B
matrices defined as follows [20, 21]:

01 0 0 0 1
A=|0 b a| B=|1 c bl ()
1 ¢ b 0 (1+bc)
a

Geometrical objects associated with soliton
surfaces (tangent vectors, normal vectors, foliations
by curves etc.) usually can be identified with
solutions to some nonlinear models [22, 23]. The
scalar square of the total differential dr of the
radius-vector of the current point of a surface is
called the first fundamental form / of the surface
[24]:

[=dr?, (8)
In expanded form, it is recorded as
1= rxzdx2 + 2r rdxdt + rtzdt2 , )

where x and ¢ are the curvatures.
To construct the surface, we now use the
Sym-Tafel formula [25]. It has the form

r=070,, (10)
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where F:ZI”J-G jods the matrix form of the

position vector of the surface, @ is a solution of
the equations (5)-(6). We have
r=0"U,®,

(11)
r=0"V,0.

In terms of the Lax representation, equation
(Omuodka! UcTOYHHMK cChUIKHM He HaiigeH.) will
be rewritten as follows:

1
[ ==(tr(U)dx’ +24r(U ¥, )dxdt + tr(V) )" ). (12)
> v,

2
I= —% 2(b* +ac)dx’ +(3+4bc)dxohf+2[c2 +deﬁ}.

Second fundamental form of a surface

The scalar product of the total differential of the

second order d%r of the radius-vector 7 of the
current point of a surface by the orbit of the normal
n at this point is called the second quadratic form
of the surface [24]:

Il =—dn-dr, (17)
where
_ I Ah
| e ATy
In an expanded form, it is recorded as
11 = by dx? + 2bypdxdt + byydt®,  (18)

where the coefficients by, bjp and Dy, are
given as

b, = r,-n,

(19)

b, = r,-n, (20)

We now turn to finding the first fundamental
form of soliton surface for the WDVYV equation for
n = 3 case to the system (4)

tr(U;) = 2(b2+ac), (13)

tr(U,V,) = 3+4bc, (14)
2
2(&+M] (15)
a

Substituting equations (13)-(15) into equation
(12) we have the first fundamental form of soliton
surface for the WDVV equation to the system (4)

tr(Vf) =

(16)
a
b, = r,n, 21
or
1
b, = Etr(rxxn), (22)
1
b, = Etr(rxtn)’ (23)
1
b, = Etr(rnn), (24)
where

re = O N(Ujs +[U,, U,
-1
o = @ Uy +UL VDO,
-1
e = O (Vy+V, VDo
The normal vector n is given by
OU,, V1D

n==x= .
\/;trqvﬂ,mz)

Thus, the equation (19)-(21) is written as
follows
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1 tr((U U U])[U 1 V/I]) where the matrix A is defined as in equation (7).
by 5 1 5 ’ So, that [U,,U]=0, we have
\/2tr([U/1,V,1] )
0 0 0
P 1 (U + ULV INU 2. V2]) ) )
12 5 1 5 ) Uy =0 bi+ac, 2a.b,
Et”([U,b 217 0 2be, b2+agc,
by — L0737 V,])
2 1 2 , Area of surfaces (25) for the WDVYV equation t
—t U V quation to
\/2 r(lWa.Val) the system (4) is given by
Using equation (7) we obtain that [4, B]=0. 1/,
So, we have that n=0 and the second §= ” E(sz +2a.c, )dth N
fundamental form of a soliton surface for the >
WDVV equation to the system (4) is = J.J. b, +a_c dxdt.
1r=0. Conclusions
Area of surfaces for equation of associativity In this work we considered the equation of
for n=3 case with an metric 77+ 0 associativityfor n=3 case with an metric

In this section we consider the area of surfaces
for the WDVV equation for n =3 to the system
(4). Area of surfaces is evaluated by

11 #0 . Soliton surfaces for the equation of
associativity equations for n=3 cases with an
metric 7711 # 0 was obtained. Area of surfaces for

the equation of associativityfor 7 =3 cases with

1
§= J .[ \/5 tr({U/bC +[Us, U]}z )d‘th > (25 anmetric 77;; #0 was investigated.

References

1 Chen X. and Zinger A. WDV V-type relations for Disk Gromov-Witten invariants in dimension 6 // [arXiv:1904.04254]. —
2019.

2 Fan H. and Wu L. WDVV Equation and its application to relative Gromov—Witten theory // [arXiv:1902.05739]. - 2019.

3 Solomon J. and Tukachinsky S. Relative quantum cohomology // [arXiv:1906.04795]. - 2019.

4 Dubrovin B.A., Geometry of 2D topological field theories //Springer Lecture Notes in Math. — 1996. — Vol.1620. —
P.120-348.

5 DubrovinB.A. Integrable systems in topological field theory //Nucl. Physics B. — 1992. — Vo0l.379. — P.627-689.

6 WittenE. On the structure of the topological phase of two-dimensional gravity //Nucl. Physics B. — 1990. — Vol.340. —
P.281-332.

7 DijkgraafR., Verlinde E.and VerlindeH.Topologicalstringsin d< 1 /Nucl. Physics B. — 1991. — Vol.352. — P.59-86; Notes on
topological string theory and 2D quantum gravity, Preprint PUPT-1217, IASSNS-HEP-90/80, November, 1990.

8 Buryak A. and Basalaev A. Open WDVV equations and Virasoro constraints // [arXiv: 1901.10393]. - 2019.

9 Kozyrev N. The curved WDVV equations and superfields // Journal of Physics: Conf. Series. —2019. —Vol.1194, No.1. - P.
012061.

10 Park J-S Homotopical computations in quantum fields theory // [arXiv:1810.09100]. — 2018.

11 Chen X. SteenrodPseudocycles, Lifted Cobordisms, and Solomon’s Relations for Welschinger’s Invariants// [arXiv:
1809.08919]. - 2019.

12 Kozyrev N., Krivonos S., Lechtenfeld O. and Sutulin A. SU(2|1) supersymmetric mechanics on curved spaces //Journal of
High Energy Physics. — 2018. — Vol.2018. — 175.

13 KozyrevN.,KrivonosaS.,LechtenfeldbO.,NersessiancA. and SutulinA. Curved Witten—Dijkgraat—Verlinde—Verlinde
equation and N= 4 mechanics //Phys. Rev. D. —2017. — Vo0l.96. — 101702.

14 KatoM., Mano T. and Sekiguchi]. Flat structure on the space of isomonodromic deformations //
[https://arxiv.org/abs/1511.01608v5] — June 20, 2018.

56



Zhadyranova A.A. and Myrzakul Zh.R.

15 Magri F.Haantjes Manifolds and Veselov Systems //Theoretical and Mathematical Physics. — 2016. — Vol.189. —
P.486-1499.

16 Magri F.WDVV Equations // IL NuovoCimento. — 2015. — Vol.38 C. — P.166

17 Li S. and Troost J. Twisted massive non-compact models // Journal of High Energy Physics. —2018. — Vo0l.2018. — 166.

18 TanABStrachan and RichardStedman.Generalized Legendre Transformations And Symmetries Of The WDVV Equations //
J. Phys. A: Math. Theor. —2017. — Vol.50. — 095202 (17pp).

19 Mokhov O.1., Realization of Frobenius manifolds as submanifolds in pseudo-Euclidean spaces //[arXiv:0911.4212].

20 Mokhov O.I., Ferapontov Y.V., The associativity equations for two-dimensional topological field theory as integrable
hamiltonian non-diagonalizable systems of hydrodynamic type //Functional analysis and its applications. — 1996. — Vol.30 (3). —
P.62-72.

21 Mokhov O.I. Symplectic and poisson geometry on loop spaces of manifolds and nonlinear equations //Translations of the
American Mathematical Society-Series 2. — 1995. — Vol.170. — P.121-152.

22 Sym A. Soliton Surfaces II //Lett. Nuovo Cimento. — 1983. — Vol.36. — P.307-312.

23 Sym A. Soliton Surfaces and their Applications in Geometrical Aspects of the Einstein Equations and Integrable Systems
//Lecture Notes in Physics, ed. Martini R, Springer- Berlin. — 1985. Vol. 239. — P.154-231.

24 Cieslinski J. The Darboux-Bianchi-Backlund transformation and soliton surfaces //[arXiv:1303.5472]

25 SymA., Soliton Surfaces //Lett. Nuovo Cimento. — 1982. — Vol.33. — P.394-400.

References

1 X.Chen A.and Zinger, [arXiv:1904.04254]. (2019).

2 H.Fan and L.Wu, [arXiv:1902.05739]. (2019).

3 J.Solomon and S.Tukachinsky, [arXiv:1906.04795]. (2019).

4 B.A.Dubrovin, Springer Lecture Notes in Math. 1620, 120-348 (1996).

5 B.A.Dubrovin, Nucl. Physics B, 627-689 (1992).

6 E.Witten, Nucl. Physics B, 340, 281-332(1990).

7 R.Dijkgraaf, E.Verlinde and H.Verlinde, Nucl. Physics B, 352, 59-86 (1991).

8 A. Buryak and A. Basalaev [arXiv: 1901.10393]. (2019).

9 N. Kozyrev, Journal of Physics: Conf. Series 1194 (2019).

10 J.-S.Park, [arXiv:1810.09100] (2018).

11 X.Chen, [arXiv: 1809.08919] (2019).

12 N.Kozyrev, S.Krivonos, O. Lechtenfeld and A.Sutulin, Journal of High Energy Physics, 2018,175 (2018).
13 N. Kozyrev, S. Krivonosa, O. Lechtenfeld, A. Nersessianc and A. Sutulin,Phys. Rev. D 96, 101702 (2017)
14 M. Kato, T. Mano and J. Sekiguchi,https://arxiv.org/abs/1511.01608v5 (2018).

15 F. Magri,Theoretical and Mathematical Physics, 189, 486—-1499 (2016).

16 F. Magri, IL NuovoCimento38 C, 166 (2015).

17 S.Li and J.TroostTwisted massive non-compact models JHEP07, 166 (2018).

18 A, B,Ian Strachan and R, Stedman, J. Phys. A: Math. Theor. 50 095202 (17pp)(2017).

19 O.1.Mokhov, arXiv:0911.4212.

20 O.1.Mokhov, Y.V.Ferapontov, Functional analysis and its applications, 30 (3), 62-72 (1996).

21 O.1. Mokhov Translations of the American Mathematical Society-Series 2, 170, 121-152 (1995).

22 A.Sym, Soliton Surfaces II, Lett. Nuovo Cimento 36, 307-312 (1983).

23 A.Sym, Lecture Notes in Physics Vol. 239, ed. Martini R, Springer- Berlin, 154-231 (1985).

24 J. Cieslinski, Proceedings of First Non-Orthodox School on Nonlinearity and Geometry, pp. 81-107 (1998).
25 A. Sym, Lett. Nuovo Cimento 33, 394-400 (1982).

57



