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THE INFLUENCE OF DEFORMATION IN COMPACT OBJECTS ON REDSHIFT
AND RADAR ECHO DELAY

The analogy between optics and mechanics not only provides a cohesive framework to understand
particle motion in mechanics and light propagation in geometrical optics, but it also extends to the intricate
realm of general relativity, especially when considering static metrics. Recent scholarly publications have
fortified the notion that such an analogy is remarkably applicable to general relativity's complex scenarios. In
the research presented in this paper, we delve into the material medium approach, which allows us to deduce
the refractive index correlated with the gravitational field emanating from a compact celestial object endowed
with a quadrupole moment. Exploring within the confines of this approach, we scrutinize the influence of the
guadrupole parameter on the frequency modulation of photons, adhering strictly to the relativistic
approximation parameters. This scrutiny leads us to a deeper investigation of the renowned redshift
phenomenon, a pivotal concept in the general theory of relativity. Furthermore, leveraging the calculated
refractive index, we probe into the nuances of radar echo delay, conscientiously accounting for the quadrupole
moment's impact. The findings may offer insights that could potentially be useful in further theoretical
investigations of GR.

Keywords: compact object, refractive index, gravitational redshift, radar echo delay, material
mediumapproach.
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Bananne aedopmaupm KOMNAKTHbLIX OBBEKTOB
Ha KpacHOe CMeLLEeHWe U 33[IePXKKY PaaN0NOKaLLMOHHOIO 3Xa

AHanorma mexay onTUKon N MexaHMKOM He TO/IbKo 0becneynBaeT Le0CTHYO CTPYKTYPY A4 NOHMMaHUA
OBWKEHMNA YacTUL, B MEXaHUKE M pacnpoCTpaHEHMSA CBETA B FTEOMETPUYECKON OMTUKE, HO M pacnpocTpaHsaeTca
Ha 3anyTaHHyl o06nacTb 0bOUIEN OTHOCUTENbHOCTM, OCODEHHO MPU PACCMOTPEHUU CTATUUECKUX METPUK.
HenasHuWe HayyHble nybAMKaUMM YKpenuaum npeacTaBieHMe O TOM, YTO TaKasa aHaforms yAMBUTENbHO
NPMMEHMMA K C/IOXKHBIM C/y4asim obLLel Teopmnn OTHOCUTENbHOCTU. B nccnenoBaHuK, npeactaBfieHHOM B
3TOM CTaTbe, Mbl paccMaTpuMBaem MOAXOM MaTepuasbHOW cpefbl, KOTOPbIA MO3BOMAET Ham BbIBECTM
MoKasaTtesb MNPesIOMAEHNA, KOPPEANPYIOWMIA C TPaBUTAUMOHHBIM MONEM, MCXOAALMM OT KOMMAKTHOrO
HebecHoro obbekTa, HaJe/eHHOro KBaApyno/ibHbIM MOMEHTOM. Mccneaya B pamkax 3TOro MoAaxoaa, Mbl
TWATENbHO M3y4aemM BAMAHWME KBaAPYMNO/bHOIO MapamMeTpa Ha YacTOTHYH Moaynaumio GOTOHOB, CTPOro
NPUAEPHKMBAACL NAPAMETPOB PEeNATUBUCTCKOrO MpubaAMMKeHuA. I3TOT aHanu3 npuBoamuT Hac K bonee
rnyboKoMy MCCNe0BaHMIO M3BECTHOMO ABAEHMA KPACHOTO CMELLLEHWSA - KHOYEBOM KOHLEeNUMn obLein Teopum
OTHOCUTENbHOCTU. Kpome TOro, MCMosb3ys BblYMCAEHHbIN KOIQOUUMEHT MPENOMAEHMA, Mbl UCCaedyem
HIOAHCbI 3a4ePXKN PAAMONOKALMOHHOIO 3Xa, YYUTbIBAA BAMAHME KBAZPYMNONbHOrO MOMEHTA. MoayyeHHble
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blkwam ovekTinepae gepopmaumnsaHbIH,
KbI3bI/1 bIFbICY MEH pajgap 9X0 KeuliryiHe acepi

OnTMKa MeH MexaHWKa apacbiHAaFbl YMAECTIK MexaHWKadafbl OesleKTepaiH KO3Fa/bICblH KaHe
reOMETPUAbIK OMTUKAAAFbI XKapblKTbIH TapasyblH TYCIHY YLiH 6ipTyTac Heri3ai KamTamachI3 eTin KaHa Komam,
COHbIMEH KaTap O/ ainbl CaNbICTbIPMA/IbINBIKTbIH, KypAe/i canacbiHa, aCipece CTaTUKaablK METPMKaHbI
KapacTblpfaHAa Tapanazbl. COHFbl FbIABIMM  KYMbBICTAp MyHZAM YKCACTbIK  Ka/Mbl  Ca/blCTbIPMasbIK,
TEOPUACLIHbIH, KYpAeni »KafaannapbliHa KoAdaHy eTe Konalabl AereH TYCiHIKTI 6ekiTTi. Ocbl KYMbICTa
YCbIHbI/IFaH 3epTTeyae 6i3 KBaApOoynoabii MOMEHTI Hap biKWam acrnaH 06beKTiCiIHEH WbIFATbIH FPaBUTaLMABIK,
epicneH KoppenaumabiK CbiHY KOPCETKIlliH LWblFapyfa MYMKIHAIK 6epeTiH maTepuanaplk opTa TaCiniH
KapacTbipambi3. Ocbl TacinAiH, wWeHbepiHae 3epTTel oTbipbin, 6i3 PENATUBUCTIK KybIKTay NapamMeTpiepiH KaTaH,
caKTal oTblpa, GOTOHAAPAbIH, KMINIK MOAYNAUMACBIHA KBAAPYMNONAbAIK MapameTpaiH 9CepiH MyKMAT
3epTTenmi3. byn 3epTTey Kaambl CaNbICTbIPMAbIIbIK TEOPUACbIHAAFLI HEri3ri TyblipbiMAamacbkl 60/bin
TabblNaTblH  SWriNi  Kbi3blA  bIFbICY KYObINbICbIH TepeHipek 3epTTeyre KemekTecedi. COHbIMEH KaTap
KBaApOYyno/bfi MOMEHTTIH, 3CePiH CaHa bl TypAe ecenTei OTbIpbIN, Pafap 3XO KeWiryiHiH, epeKwenikTepiH
ecenTenreH CblHY KepCeTKiliH KoadaHa OTbipbin 3epTTenMi3. ANbIHFAH HITUXKeNep Kaambl CaNblCTbipMansbl

TEOPUACBIHbIH, OAaH 3pi TEOPUANBIK, 3epTTeyAepiHAe Nanaansl 60aybl MYMKIH TYCiHIKTEpAi YCbiHa anagpl.
TyWiH ce3gep: biKlIam 06BEKT, CbIHY KOPCETKILL, rPaBUTaLMAbIK Kbi3blA bIFbICY, PAAMON0OKALMAbIK IXO

Kewwiryi, MaTepuaniblk OpTafa XaKblHAAY.

Introduction

One well-known and trustworthy method for
investigating gravitational effects is the material
medium approach, initially employed by Tamm [1]
and subsequently utilized by Balazs [2] to compute
how a rotating object influences the polarization of
light. In this approach, the gravitational influence on
the path of light is simplified into the problem of wave
propagation within a material medium within a flat
spacetime. This principle forms the foundation of the
material medium approach. This technique is
appealing since it implies that classical optics is just
as valid as Riemannian geometry when examining
electromagnetic effects within a weak gravitational
field.

Gravitational redshift is one of the consequences
of the general theory of relativity [3], but its origin
predates the development of this theory. Just three
years after Einstein created the special theory of
relativity, he predicted the effect of gravitational

redshift [4], which was due to the equivalence
principle [4, 5]. Thus, testing the gravitational
redshift is also considered as testing the equivalence
principle [6]. The demonstration of determining the
gravitational redshift from the refractive index can be
found in [7, 8].

Radar echo delay in the context of general
relativity (GR), this phenomenon refers to the
influence of the gravitational field on the propagation
of electromagnetic signals such as radar waves. In the
presence of a gravitational field (such as near a planet
or star), radar waves are bent and slowed down,
causing a delay in receiving an echo. Thus, in the
context of general relativity, the delay of a radar echo
is due to the influence of gravity on space-time and,
therefore, on the speed and path of propagation of
radar waves.

In FEinstein’s theory, when dealing with a
vacuum, a gravitational field that possesses spherical
symmetry is mathematically represented by the
Schwarzschild solution. According to Birkhoff’s
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theorem, this solution is considered unique. When
deviations from this spherical symmetry occur, they
are typically described using multipole moments,
with the quadrupole moment being the most
significant. In situations involving an axially
symmetric mass distribution with a quadrupole
moment, there is no theorem guaranteeing
uniqueness, and as a result, various metrics can be
used to describe the corresponding gravitational field
[9-12].

In fact, compact objects deviate from spherical
symmetry and have their own rotation, and the effect
of this deformation on redshift and radar echo delay
is often neglected. In this work, we study the
contribution of deformation to relativistic redshift
effect, radar echo delay within the framework of the
material medium approach. The deviation from the
spherical symmetry is described by a quadrupole
parameter [13 — 15].

Methods

Refractive index for static deformed
objects

A specific straightforward metric was introduced
in [16]. This metric suggested using the Zipoy-
Voorhees transformation [17, 18] to create a
guadrupolar vacuum solution. This metric is
commonly referred to in scholarly works as the
Zipoy-Voorhees metric, d-metric, y-metric, and g-
metric [17-24]. Interior quadrupole solutions were
discovered in [25], and a technique for generating
perfect-fluid quadrupolar solutions was outlined in
[26].  Preliminary  interior  solutions  and
characteristics of the outer g-metric were discussed in
[9, 27, 28]. Recently, in [29], six varied adaptations
of the Schwarzschild metric with quadrupole were
examined. A notable trait of these metrics is that the
hypersurface r = 2m is always singular. It’s possible
that other precise solutions to Einstein’s equations in
a vacuum share these characteristics.

In a recent study presented in [9], an
alternative  approximate extension of the
Schwarzschild metric incorporating quadrupole
was formulated. This can be expressed as:

dsz=<1—ggg(1—r?fﬂ)dﬂ——

-2 dr?
B [1 N gm(r — 2m) r

r-m? [, _2m
r

— (1 - )rz (dO? + sin?0de?) (1)

r—m

where in m represents the mass and q denotes the
guadrupole parameter.
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Conversely, a curvature singularity emerges at
r=m, in addition to the central singularity
situated at r = 0, a feature also observed in the
Schwarzschild spacetime. To our current
understanding, this metric represents the sole
instance with a quadrupole devoid ofsingularities
at r=2m. This unique characteristic alone
warrants a deeper investigation into this metric.
To further analyze the physical meaning of the
solution (1), we calculate the corresponding
Newtonian limit. To this end, we perform a
coordinate transformation of the form (r, 8) —(R,
v) defined by the equations [30, 31].

m m
— oy - P2
r—R[l qR[1+R(Bl+sm v) +
mZ
+ﬁ(32 — sin®v) + --~]sin2v] @)
and

2

m m
0 =v—qﬁ(1+25+--~)sinv cosv (3)

where the §; and B, are constants and we have
neglected terms of the order higher that m®/R3.
Inserting the above coordinates into the metric (1),
we obtain the approximate line element

2
ds? = (1 +2d)dt? —

1420
—U(R,v)R?(dv? + sinvdg?) (4)
with
GM  GQ
D =— 7 + FPZ (COSU), (5)

GM
URv)=1- Z?Pz(cosv), (6)

where P,(cosv) is the Legendre polynomial of
degree 2, and we have chosen the free constantsas
o =—2, 1 = 1/3, and S, = 5/3. We recognize
the metric (4) as the Newtonian limit of general
relativity, where @ represents the Newtonian
potential. Moreover, the constants

2
M=0+q)mQ = §qm2 @)

can be interpreted as the Newtonian mass and
quadrupole moment of the correspondingmass
distribution.

To compute the associated refractive index, we
shall express the aforementioned approximate
metric in isotropic coordinates denoted as (z, p, 6, ¢).
In pursuit of this objective, we shall delve into the
coordinate transformation:
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r=p (1 + %) + qh(p). (8)

In which the supplementary auxiliary function h(p)
represents the deviation from spherical symmetry.
By incorporating this transformation into the line
element denoted by (1) and approximating to the
first order with respect to g, the ensuing function h(p)
can be articulated as:

m?(m? — 4p?)
4p(m? + 4p?)’

h(p) = €))

Ultimately, the line element can be reformulated in
the following manner:

ZZM[ ﬂ]dtz_
(m + 2p)? m? — 4p?
1 (m+2p)* 2m
-1 dp?. (10
16  p* [ +qm+p] P (10)

We have introduced a notation as follows:

dp? = dp? + p?dh? + p?sinB?de?,  (11)
In the special scenario where q =0, the
aforementioned metric converges to the
Schwarzschild metric presented in its isotropic
representation [32, 33] Introduced by Senin [33]
applicable to static fields. Evaluating the path
of a light ray under the condition ds?= 0, the
velocity v(p) of the light ray can be deduced from

the subsequent expression:
dp?

2 _r
ve(p) 17

(12)
Additionally, the velocity of the light ray, when
articulated in terms of the radial coordinate r, can
be derived as:

v(r) = v(p) (Z—;) (13)

wherein the term dr/dp can be deduced from the
given equations. (8) and (9) as

dr m?  qm? (16m?p? —m*)
R . (14)
dp 4p? 4 p?(m? + 4p?)?

Employing the inverse transformation, the
novel coordinate p can be expressed in the form:

L or—amy T
p=zler—om 4(r—m)’

Conclusively, the refractive index bears a
relationship with the velocity, expressed as:

(15)

1
Then, from Eqgs.13, 14, and 16 we take
T qm(2r —3m)
n(r)—r_zm 1+§ o —m)? (17)
Specifically, within the weak field

approximation, the refractive index can be
delineatedusing an endlessly converging series.

2m m
n(Mwear ¥ 1+——+q—+ .

(18)

For scenarios where the quadrupole parameter
approaches zero, the aforementioned expression
aligns with the refractive index postulated by
various scholars in the context of the weak field
approximation for the Schwarzschild metric, as
referenced in [33-35].

Gravitational redshift

Gravitational redshift is conceptualized as an
alteration in the photon’s frequency corresponding
to a change in the intensity of the gravitational
field it occupies. Specifically, asthe gravitational
field’s strength diminishes, the photon’s frequency
concurrently decreases, resulting in a redshift.

We restore all normalized units within the
framework of the General Theory of Relativity, the
equation delineating this frequency shift is
presented as:

w 2ym
w=—0zw0(1+ )/2).
Yoo rc

(19)

In this context, wo denotes the consistent
frequency of the photon, gauged in world time,
which remains unaltered as the light ray advances.
Meanwhile, o symbolizes the frequencyof that
same photon, yet gauged in proper time, displaying
variability across distinct spatial points. For
instance, when a photon is emitted from a massive
star, its frequency near thestar at reduced r values
is observed to exceed that at greater r values
distant from the star.At the asymptotic boundary,
within a flat space domain devoid of gravitational
influence, world time aligns with proper time,
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rendering wo as the discernible photon frequency.
Now, let’s approach the issue from the perspective
of the material medium.

Under these circumstances, the photon’s
frequency within the field and its frequency within
the vacuum are interconnected through a specific
relationship.

W = wgcoshf = wyn. (20)
Upon substituting Equation 18 into Equation 20,
we obtain the following expression:

(21)

2ym ym
+a).

w=w0n=w0(1+

In limiting cases, when the quadrupole
parameter is set to zero, the above expression reduces
to the expression for a spherically symmetric
gravitational source.

Radar echo delay

The radar echo delay formula, as per the
material medium approach, is based on Fermat’s
principle of least time, which takes into account the
influence of a varying refractive index n(r). This
principle posits that light (or radar signals) follow
the path that minimizes the time required to travel
between two points.

Rzn(r) Rz1
At = 2 j dr—.[ —dr ).
R, € R, €

The expression (22), represents the time it takes for
the radar signal to travel through themedium with
a varying refractive index n(r) from the point of
transmission R, to the point of reception R,. This
integral accounts for the effects of the medium’s
refractive index. The second integral, represents the
time it would take for the radar signal to travel the
same pathin a vacuum (i.e., without any medium or
refractive effects) from R; to R,. This formula
reflects the difference in travel times between the
actual path through the medium with refractive
effects and the hypothetical path in a vacuum. It
considers the influenceof the medium’s refractive
index on the radar signal’s propagation and echo
delay in the presence of gravity. Substituting (18)
into (22) equations and restoring normalized units
we obtain the result.

(22)

Zym

(23)

In specific scenarios, when g = 0, expression
(23) coincides with the formula obtained in
previous works [36-38].

Results and Discussion

The formula represents the effective refractive
index corresponding to the spacetime governed by the
approximate quadrupolar metric (1). As
anticipated, when g = 0, this metric converges to
the refractive index associated with the
Schwarzschild spacetime as indicated in [32], given
by no=r/(r — 2m). The subsequent term arises
from the minor deviation of the central
gravitational entity from perfect spherical
symmetry. It is noteworthy to mention that the
divergences found at r = m and r = 2m stem from
the curvature singularity of the metric (1) and the
Schwarzschild horizon, respectively.

The results (17), (21) and (23) show that the
quadrupole parameter affects the photon frequency
the redshift and the radar echo delay within the
relativistic approximation. In specific scenarios,
when g = 0, all obtained expressions coincide with the
formula obtained in the case of spherically symmetric
cases [36-38].

Conclusion

In summary, we applied a material medium
approach to investigate the effects of general
relativity such as redshift and radar echo delay in
the gravitational field with quadrupole mass
distribution. As we can see, the effects under
consideration completely coincide withthe results
obtained for the Schwarzschild field when g = 0.
The advantage of this methodis its intuitive clarity
and ease of calculation. Despite the fact that
applying our results to objects like the Earth and
the Sun may seem less relevant due to their
relatively weak deformations and gravitational
fields, they can be very useful during the study of
compact objects such as neutron stars, white
dwarfs and black holes. This is particularly true
withthe advent of unique sky research instruments
like the Event Horizon Telescope. However,for a
more general case, these effects also should be
considered in the off equatorial plane.
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