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AN ACCURATE AND EFFICIENT THEORETICAL ASSESSMENT
OF THE THERMODYNAMIC PROPERTIES OF NON-POLAR GASES

Investigation of the intermolecular interactions and thermodynamic properties of real nonpolar gases is
of high importance and can be evaluated through virial equation of state. A new, practical and general
analytical method is obtained for the evaluation of the second virial coefficient (SVC) with Morse potential,
which is significant for the investigation of all thermodynamic properties of gases. The first derivative of SVC
with Morse potential analytical formulae is also established since it appears in the thermodynamic expressions.
One of the significances of obtained formulae is their validity of all ranges of parameters providing accurate
and precise results quickly. The accuracy of the applied method is tested by the calculations of SVC of Ne gas
for a wide temperature range with both experimental and analytical data for comparison and Boyle
temperature (Ts) of He, Ne, Ar, Kr, Xe, H,, N,, and O, gases with included highly accurate corresponding
literature data for the comparison and proved to be consistent. In this study, we also used the acquired
analytical formulae to obtain the changes in entropy, enthalpy, internal energy and free energy per pressure
for the gases of He, Ne, Ar, Kr, Xe, H,, N», and O,. The results of (AS)/P, AH/P, AE/P and AF/P are compared with
literature data that utilizes most commonly used potential Lennard-Jones (12-6) to acquire thermodynamic
properties of gases for SVC calculations. The results proved that including previously ignored higher order term
in the (AS)/P formula improved accuracy but still can be disregarded due to small contributions.

Keywords: Morse potential, second virial coefficient, thermodynamic properties.
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Monapnbl emec razgapAblH, TEPMOIUHAMUKANLIK KacueTTepiH
N3N XaHe TUiIMAI TeopuAnbiK baranay

HakTbl nonapnbl emec rasfapAblH  MOJEKYyNaapanblK oSpeKeTTecynepi MeH TepMOAMHAMMUKANbIK
KaCUeTTepiH 3epTTeyAiH MaHbi3bl 30P KaHEe OHbl KYWAiH BUpUanablk TeHaeyimeH baranayra 6o1aabl. Mopse
noTeHumansl 6ap ekiHWwi BUPYCTbIK KoabduumeHTTi (BKK) BaranayablH, »KaHa, NPAKTUKaNbIK aHE Xanmnbl
aHANUTUKANbIK 3Aici anblHAbl, Oyn ra3gapabiH 0apAblK TEPMOAMHAMMKANLIK KACUETTepiH 3epTTey YLliH
MaHbI3abl. Mop3e noTeHUMaNblHbIH aHaAUTUKaNbIK dopmynanapbl 6ap SVC BipiHLWi TybIHAbICH! 1@ aHbIKTaNFaH,
ONTKEHI 0N TEePMOAMHAMMKaNbIK ©pHeKTepae Kesaeceni. AnbiHFaH dopmynanapablH, MaHAepiHiH, Bipi
ONap/blH NapameTpaepain, 6apablk Anana3oHaapbiHa KoagaHy MyMKiHAir 6oabin Tabblnaapsl, Oy Aan KaHe
HaKTbl HOTUXKENEPAi KblNJaM KamTaMachi3 eTeai. KongaHfaH aaicTiH, AN4IMNH canbICTbIpy YLWiH Taxipnbenik
YKOHE aHaA/IUTUKA/bIK AePEKTEPMEH KeH Amana3oHbl YWiH Ne rasbiHblH SVC ecenTeynepimeH TeKkcepinesi aHe
He, Ne, Ar, Kr, Xe, H,, N, xkaHe O, razgapablt, boinb Temnepatypacsl (Ts) *KoFapbl A9NAiKTEri Calikec aaebueT
nepekTepi bapmeH canbICTbipbliaabl *KaHe e3iHiH KYHAbINbIFbIH AanenaeHai. byn 3eptreyae 6i3 coHaan-aK He,
Ne, Ar, Kr, Xe, H,, N, aHe O, rasfapbl YLiH KbiCbiMfa HalNaHbICTbl SHTPOMMUAHBIH, SHTANbMMAHbIH, iLKi
3HEPrUsAHbIH, aHe 60C 3HEePruaHbiH, e3repicTepiH any YWiH anblHFaH aHaAUTUKaNbIK bopmMynanapbiH
KondaHAablK. SVC ecenTeynepi yiliH ra3gapapiH TEPMOANHAMUKaANbIK KacueTTepiH any yuwid (AS)/P, AH/P, AE/P
WoHe AF/P HaTUKenepi eH, ui KonaaHbinatoiH SleHapa-AoHc (12-6) noTeHumanbiH NnanganaHatbiH aaebuer
AepeKTepiMmeH canbicTbipbiagbl. Hatuxenep (AS)/P dopmynacbiHa BYpbiH eneHbereH »kofapbl PeTTi TepMUHAI
KOCY A2/ 4IKTi *KaKCcapTKaHblH, BipakK wWafbiH yaectepre 6aiaHbICTbl 911 Ae eneHbeyre 601aTbiHbIH KOPCETTI.

TyliH ce3nep: Mop3e noTeHUManbl, ekiHWi BUpManabl KOSOPUUMEHT, TEPMOAMHAMMKANIK KacMeTTep.
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TouHasA n adpdeKTUBHAA TEOPETUYECKAA OLEHKA
TEPMOANHAMMYECKMX CBOMCTB HEMONAPHbIX ra30B

NccnenoBaHWe MEXMONEKYAAPHbBIX B3aMMOAENCTBUMIA UM TEPMOAMHAMMYECKMX CBOWMCTB pPeasibHbIX
HEeMoONSPHbIX ra30B UMEeeT H0/1bLIOE 3HAYEHNE M MOMKET ObITb OLEHEHO C MOMOLLIO BUPMAbHOMO YPaBHEH WS
COCTOAHMA. B cTaTbe Nosy4yeH HOBbIM, MNPAKTUYHbLIN M OOLMIA aHANUTUYECKMIN METOA, A4 OLEHKM BTOPOro
BMpUanbHoro KoadduumeHta (SVC) ¢ noTeHumanom Mop3e, KOTOPbIM BaxeH ANsS UCCNeAoBaHMA BCex
TEPMOANHAMMUYECKUX CBOMCTB ra3os. MNepsan npomssogHas SVC ¢ aHanMTUYeckumm dopmynamm noteHumana
Mop3e TaKKe yCTaHOBJIEHa, MOCKO/bKY OHa MOABAAETCA B TEPMOAMHAMMUYECKMX BblparKeHnax. OgHuMm u3
3HAYEeHUN MOJMIYYEHHbIX GOPMYS ABAAETCA WX MPUMEHMMOCTb A8 BCeX AMarnasoHOB MapameTpoB, 4To
obecneymBaeT TOUHble pe3ynbTaTbl ObICTPO. TOYHOCTL NPUMEHAEMOro MeTo/la NpoBepeHa pacyetTamm SVC rasa
Ne AnAa WWMPOKOro AManasoHa TemnepaTyp C 3KCAepPUMEHTaNbHbIMM M aHAUTUYECKMMM AaHHbIMW AR
cpaBHeHua 1 TemnepaTypoin Boins (Tg) rasos He, Ne, Ar, Kr, Xe, Ha, N2, 1 O, C BKAKOYEHHbBIMW BbICOKOTOYHbIMM
COOTBETCTBYIOLWMMN INTEPATYPHBIMMU AaHHBIMW O] CPAaBHEHMWA M A0OKa3ana CBOK COCTOATE/IbHOCTb. B 3TOM
nccnenoBaHMM TaKKe MCMNOo/b30BaHbl MOJYYEHHbIE aHaAUTUYeckne GopmMybl ANA MONYYEHUA UIMEHEHWI
SHTPOMUN, SHTANbMNU, BHYTPEHHEN 3HEeprMmM U cBOHOAHON 3HEPrnn B 3aBUCUMOCTM OT [aB/ieHUA A5 ra3os
He, Ne, Ar, Kr, Xe, Hy, N,, u O,. PesynbTatel AS/P, AH/P, AE/P, n AF/P cpaBHMBaOTCA C AUTEpPaTypPHbIMU
OaHHbIMW, KOTOPble UCMO/b3YIOT Hanboiee YacTo UCNOb3yeMmbld noTeHuman fleHHapaa-AxoHca (12-6) ans
Nosly4yeHma TEPMOAMHAMMUYECKMUX CBOMCTB ra3oB Ana pacyetos SVC. Pe3ynbTaTbl A0Ka3a/uM, YTO BKAKOYEHUE
paHee UrHOPMPOBAHHOTO YfieHa Hosiee BbICOKOro nopsaaka 8 dopmyny AS/P NoBbICMAO TOYHOCTb, HO BCE ellle
MOMKET ObITb MPOUTHOPUPOBAHO N3-3a MaslblX BK1310B.

Kniouesble cnoBa: noTeHuman Mop3e; BTOpPOM BMPManbHbIA KOIGOUUMEHT, TEPMOAMHAMMYECKME

CBOMNCTBA.

Introduction

Investigation of the interatomic interactions and
thermodynamic properties of interacting atoms and
molecules depends heavily on the right choice of
interaction potential used for virial equation of states
via virial coefficients to achieve accurate
thermodynamic properties of substances [1-7]. Both
Morse and Rydberg potentials provide reliable data
for thermodynamic properties, particularly at high
temperatures, as their exponential representation of
repulsive forces makes them well-suited for
generalized chemical models in plasma studies [8].
Although Morse potential displays slightly more
attraction than the Rydberg, its relative ease of
analytical calculation and good representation of
anharmonic oscillator made it commonly used
potential in the literature for various fields of research
such as DNA denaturation [9], drug design [10],
liquid transport properties via molecular dynamics
simulation [11], crystal properties of cubic metals
[12].

The most reliable Morse potential parameters
used in this study were obtained by Matsumoto
through  analytical  calculations  with  an
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approximation [13]. Mamedov et al. also established
an exact analytical formula for SVC with Morse
potential without any approximation but taking its
first derivative is a difficult task producing more
complicated mathematical formulae to establish
related thermodynamic properties [14].

The limitations of applying the Morse potential
at low temperatures and the quantum corrections
resulting from the high density of materials are
discussed in the literature. Although analytical
guantum corrections using the Morse potential have
been calculated [15], they were not applied in this
study because low-temperature conditions were not
considered. Analytical solutions, being
mathematically expressed, provide a transparent
insight into how individual variables and their
interplay influence the outcome. Backed with strong
statistical theory background by including molecular
interactions [16], the analytical solution of Virial
Equation of State truncated at the second virial
coefficient using Morse potential is used for this
study to provide accurate and efficient thermo-
dynamic properties of non-polar gases.

In this study, a simple and practical analytical
formula of SVC with Morse potential and its first
derivative are established, which is very significant to
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obtain thermodynamic properties accurately. To our
knowledge, this study is the first one in the literature
to obtain the simplest analytical solution of SVC with
Morse potential and its first derivative and apply them
to calculate thermodynamic properties of real systems
accurately by comparing the results with the literature
using Lennard-Jones (12-6). While Lennard-Jones
(12-6) is defined as widely used, two parameter
potential for describing van der Waals interactions,
Morse potential was designed to represent two body
interactions with three parameters making it more
convenient for real systems [17].

Methods
Definitions and analytical expressions

The virial equation of state as a power series
expansion of number density (p) can be expressed as
[18]:

p 2

RTp—Z—1+B(T)p+C(T)p +-, D
where Z is the compressibility factor, R is the
universal gas constant, B(T) and C(T) are the
temperature dependent second and third virial
coefficients, respectively.

The second virial coefficient is very important to
establish thermodynamic properties and can be given
as [19]:

B(T) = —2nN, f (e=UM/ksT — 1)r2qr (2)

0
where N, is the Avogadro’s number, kg is the
Boltzmann constant and U(r) is the intermolecular
interaction potential which is chosen to be Morse
potential in this study in the following form as [20]:

Uy =0, ((1-exp(-0-1)) -1) @

where D, is the potential well depth which is used in
calculations as D, /kg = D; in Kelvins, 7, is the
equilibrium distance and B is a parameter
determining potentials’ curvature at 1,.EQ.(2)
becomes Eq.(4) by applying integration by parts to
Eq.(2), using Eq.(3) as intermolecular potential:
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where U =e """ Eq.(4) becomes Eq.(6) after solving
the integrations in Eq.(4) and utilizing following
series expansion given as [21]:
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The first derivative of the SVC with Morse potential
(Eq.(6)) is defined as B;(T) = dB(T) and displayed
in Eq.(7)

n 23+m D1+rn e B 2+m 21,8
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( 2 2 T
where the generalized hypergeometric and regula-
rized generalized hypergeometric functions appea-
ring in Eq.(7) can be defined as, respectively [22]:

_Dlezreﬁ (@ m) T 1+m 3+m_ Dge’*
2 2T
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o) X (8)

pﬁq( PYTEITE: P o S o B ):
q(al,az,...,ap;bl,bz,..., by; X) (9)
T (b)..T(b,)

where I'(z) is the gamma function. A simplification
of representation demonstrated in Eqs.(10)-(11) is
made in Egs.(6,7) for the generalized hypergeometric
and regularized generalized  hypergeometric
functions since a; =a; =--=a,=a and b; =
b, =+ =bg =b.

Fﬂl(a;b;X)Equ(alan ap’bl b,,.. ,q, ) (10)

N2
i) =2 L

Before introducing related thermodynamic functions,
a unit conversion of B(T) and B,(T) is necessary to
convert units from cm3/mol to cal/mol.atm
considering that 1 cal = 41.293 cm®.atm. The changes
in entropy, enthalpy, internal energy, free energy per
pressure in terms of B(T) and B, (T) can be given as
following, respectively [23]:

(11)

A_S:S—SO:_RInP_Bl(T)_(B(T))zPJr 12)
P P P T 2RT? 7
AH H-H°
5 P =B(M)-B/(T)+.. (13)
S ame (14)
AF F-F° RTInP
5 p T p +B(T)+ (15)

EQs.(12-15) represents the deviations of real gases
from their ideal state (the superscript small zero) per
pressure at temperature T. The last term in Eq.(12) is
neglected in Ref.[17] but included in this study to
improve accuracy. Our last calculations include the
Boyle temperature at which the SVC value is zero
meaning that intermolecular attractions and
repulsions are equal and the gas behaves like an ideal
one and this temperature value is specific to each gas
[24].
Results and Discussion

Table 1 — Morse potential parameters obtained
from Ref.[13]
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The accuracy of calculated B(T) results of
Eq.(6) are compared with the bot experimental and
numerical SVC data using Morse potential for Ne at
Ref. [25] and confirmed to provide good consistency
for the low temperature range of 50-2400 °K as
presented at Fig.1(a). For an accurate comparison, Ne
potential parameters are considered as D; = 44.6 °K,
1, = 3.0446 Aand g = 1.85 A~ for the Eq.(6) data
for the Figure 1(a) as used in Ref.[25]. Another
successful data verification of Eq. (6) is displayed in
Fig.1(b) for the Ne, by comparing calculated Eq.(6)
data with another analytical B(T) data using Morse
potential from Ref.[13] which is already calculated in
Ref.[14] for the high temperature range of 8000-
25000 °K that neutral Ne gas atoms still exist at some
proportion depending on temperature value [26].
Morse potential parameters of Ne gas and other gases
for the Fig.1(b) is displayed in Table 1.

(a) Ne
20

s
E
ﬂg o
£ .20 -+ Equ.(6)
@ - Ref.(25)
-30 4+ Exp
40+
0 500 1000 1500 2000 2500 3000
T(K)
(b) Ne
x o Equ.(B)
91 " M- Ref(13)
] X
E X
(2] -ﬂ 4
; “
E *x "
[
T %x x
H
Ko
X
§ ENN——
0 10000 1 SDL'IEI' 20000 EE-DDD
TiK)

Figure 1 — (a): B(T) values of Ne gas for the low
temperature range of 50-2400 °K using Eq.(6),
experimental and numerical values from Ref.[25].
(b): B(T) values of Ne gas for the high temperature
range of 8000-25000 °K using Eg.(6) and another
analytical method using Morse potential at Ref.[13].
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D, K 1, A B AT
He 12,6 292 2197
Ne 513 3.09  2.036
Ar 118.1 413  1.253
Kr 1490 449  1.105
Xe 2269 473  1.099
H, 49.4 329  1.923
N, 93.4 443  1.166
0, 1524 375 1542

The calculated thermodynamic property values
of He,Ne, Ar, Kr,H,,N,,0, and Xe displayed in
Figs. (2-5) are compared with another analytical
study using Lennard-Jones (12-6) potential [27]
which neglected the higher order term in Eq.(12) for
AS/P. In general, the calculated values using Morse
potential demonstrated good agreement with
available literature data using Lennard- Jones (12-6)
potential and including the higher order term in
Eqg.(12) in to the calculations lowered the AS/P
values and provided slightly more consistent data
with Ref.[27]. It is another fact that, the presence of

the higher order term (—(B(T))ZPIZRTz) in

calculations slightly improved data reliability but can
be neglected since its minor contributions to AS /P for
both lower and higher temperature ranges and each
graph in Fig.2 includes data without the higher order
term in Eq. (12) for the comparison. For instance, the
value of AS/P for H,at 500 K is AS/P = -
0.0000974842 without the higher order term in
Eq.(12), however, when the term is included the value
is AS/P = -0.000104203.

The same calculation for H, is repeated at 5000
K without including the higher order termis AS/P =
0.0000155641, however, when the term is included
AS/P = 0.0000155255, both not showing a
significant change.

The most noticeable graphs in all figures belongs
to Helium since the data of AS/P (Fig. 2), AH/P
(Fig.3), and AE/P (Fig. 4) don’t display any
maximum. A quick analytical evaluation of this work
indicated that thermodynamic properties of AS/P
and AH /P have a maximum around 400 °K and AF /P
has a maximum around 200 °K for the He which is
less than our temperature investigation region due to
lack of comparable literature data.

Another notable data differences at Fig. 5
become apparent for the AF/P data of
He,Ne, H,, N, and 0, at high temperature region. At
the high temperature region, the AF/P values diverges
more from each other for the Morse and Lennard-
Jones (12-6) potentials. The reason for this fact arises
from Eq.(15) which displays direct dependency of
SVC value (without the unit conversion factor) at the
given temperature for a constant pressure value of one
atmosphere which is used in this study.

Keeping in mind that the lower SVC data is
interpreted as more intermolecular attraction between
atom and molecules. Thus, the closer AF/P using
Morse potential data to negative values as seen in
Fig.5 at high temperature region means more
dominant intermolecular attraction comparing to data
using Lennard-Jones (12-6) potential, which is
appropriate for atoms and molecules having tendency
for the chemical bonding [1].

Therefore, the obtained thermodynamic
properties of gases of H,, N, and O, results of this
work at high temperature region are more suitable
rather than results of noble gases especially for
He and Ne. Similarly Fig.5 also displays more
positive values for H,, Ne, Kr and Xe gases at lower
temperature region since the closer AF/P using Morse
potential data to positive values means that
intermolecular repulsion is more dominant. This is
due to the Morse potential’s exponential
representation structure of both for the description of
intermolecular repulsion and attraction.

Fig. 6 represents the temperature dependence of
the changes in entropy, enthalpy, internal energy and
free energy per pressure for the Ar gas. The data are
calculated by using the Egs. (12-15) obtained in this
work and all of the calculations are completed by
using Mathematica 10 programming software.

Table 2 includes the calculated Ty values of
different atoms-molecules and compares them with
corresponding data of T values using artificial neural
network (ANN) with hundreds of available
experimental SVC data [24, 28] and another data
arising from the fitting the equations from National
Institute of Standards and Technology (NIST) [29]
with low average root-mean-square errors of SVC
being 2.94, 3.36 and 3.12 respectively (calculated
data only for the relevant gases in table 2 obtained
from Ref (24)).

Another analytical results of Tz using SVC with
Lennar-Jones (12-6) potential is also included in
Table 2 [30]. Our results indicated good consistency
with highly accurate literature data.
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Figure 2 — The temperature dependence
of changes in entropy (cal/mol. atm.K)
per pressure for the gases of He, Ne, Kr, Xe, Ho,
N2 and O,, respectively.

Eq. (12) is used for the calculation of AS/P using
Morse potential and data using Lennard Jones
(12-6) taken from Ref. [27] for the comparison.
AS/P calculations are also included using Eqg.
(12) without the higher order term
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Figure 3 — The temperature dependence of
changes in enthalpy (cal/mol. atm) per
pressure for the gases of He, Ne, Kr,Xe, Hz, Ny
and O, respectively.

Eq.(13) is used for the calculation of AH/P
using Morse potential and data using Lennard
Jones (12-6) taken from Ref.[27] for the
comparison

AH/ Pleallmiol. atm)

L] e nnn nn A0 W00
T}

99



An accurate and efficient theoretical assessment of the thermodynamic properties of non-polar gases

100

nnsz-

=
F

AE/ Picalimol, atm)
-
£

LT LR

D036~

AE /P [calimol atm)

06—

g

AE/ Plcalimol. atmi)

&
g

036

=108

.08 _‘d_.__._._.——o——O—"

=

(=]

=
1

AE /P |calimoal.atm)
=
2
1
]
'
.

&
E-]
=

- Morse

Ladnnard-lofs
(124

.06~

- -]
m wm @ e
1 1 1

AE /P [calimel. abm)

fa
e

2.4

H

LETS
27
A
a8

A0

‘ina

TiK}

] 1000 000 000 000 5000
TiK)

.1

&
]

AE /P |calimol.atm)
& &
T L=

TIK)

Figure 4 — The temperature dependence of
changes in internal energy (cal/mol. atm) per
pressure for the gases of He, Ne, Kr,Xe, Hz, N>

and O, respectively.
Eq.(14) is used for the calculation of AE/P using
Morse potential and data using Lennard Jones (12-
6) taken from Ref. (27) for the comparison
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Table 2- The Calculation of Boyle Temperature of some non-polar atoms and molecules using SVC with
Morse potential and corresponding literature data from Refs.[24, 28] being the result of ANN, ata from NIST
(Ref.(29)) and Ref.(30) is the analytical one using Lennard-Jones (12-6) potential for the comparison

Tp Ref. Ref. Ref. LTj (f{gng)
this work [24] [28] [29] Ref [30]
He 28.704 22.86 18.89 23.10 34.93
Ne 120.867 121.97 119.67 119.20 121.678
Ar 407.749 409.06 410.69 411.73 410.151
Kr 566.076 581.92 559.7 600.04 584.466
Xe 775.663 774.97 705.9 773.79 751.944
H, 115.262 109.73 116.93 109.9 126.463
N, 323.783 325.6 3455 327.01 N/A
0, 418.875 401.19 413.57 404.47 403.316
Conclusion

-0.2
‘A #- A\SP (calmole.atm K)
04 B -& AWP (calmole.atm)
l f + AEP (callmole.atm)
0.6 4 =+ AFP (calimole.atm)
!
08+ % ) i i :
0 1000 2000 3000 4000 5000

T(K)

Figure 6 — The temperature dependence
of changes in entropy, enthalpy, internal energy and
free energy per pressure for the Ar gas.
The calculations were made based on
the Egs. (12-15).

Analytical B(T) calculations are proved to be
consistent with literature both for high and low
temperature ranges. The accuracy is also proved by
the calculations of Ty with this analytical method
using SVC with Morse potential and the results are
compared with the highly accurate Ty calculations
using ANN with numerous available experimental
data of SVC from literature. The thermodynamic
results of AS/P, AH/P, AE/P, and AF /P for the
He,Ne,Ar,Kr,Xe, H,,N, and O, gases are also
compared with the literature data using Lennard-
Jones (12-6) potential for SVC calculations [27] and
found to be slightly improved for the entropy values.
In this study, this term is included in calculations
leading to slightly more accurate and precise data
with simple analytical formulae. The calculated
results indicated good consistency with both for
experimental and analytical literature data and
provided reliable thermodynamic properties without
any parameter restrictions and experimental data
limitations by using Morse potential for the SVC and
its first derivative in analytical thermodynamic
calculations for the first time in literature. Further
investigations will be made to achieve second
derivative of SVC to obtain more thermodynamic
properties.
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