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WEAK GRAVITATIONAL LENSING OF BLACK HOLES
IN GENERALIZED COSMOLOGICAL MODELS WITH K-ESSENCE

This article considers the extension of the general theory of relativity by introducing
additional geometric invariants in the action, which leads to a modified black hole metric. Based
on the model with a metric-affine approach, an analytical analysis of gravitational lensing and the
formation of a black hole shadow in a plasma medium is performed. The influence of weak
gravitational lensing of black holes is investigated within the framework of cosmological models
extended by scalar fields of k-essence. Models with k-essence, nonlinear kinetic dynamics, are
attractive candidates for explaining the accelerated expansion of the universe without
introducing a cosmological constant. Detailed formulas are provided that describe the structure
of the horizon, the photon sphere, the angle of light deviation, and the lensing equations. Within
such models, the deformation of the image of light sources passing near black holes was analyzed,
taking into account the change in the effective metric. The modifications of the deflection angle
and the distribution of shifts arising due to weak lensing were considered. The results obtained
show that k-essence fields can lead to observable corrections to the standard types of general
relativity, which opens up new prospects for using gravitational lensing as a tool for testing the
fundamental properties of dark energy and modified gravity in astrophysical observations.

Keywords: gravitational lensing, shadow of a black hole, plasma medium, modified metric,
weak gravitational field.
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K-maHi 6ap annbliaHFaH KOCMOJIOMMANLIK MoAenbaepaeri
Kapa KYPbIMHbIH, 3/1Ci3 rpaBUTaLMANBIK IMH3AChI

byn makanaza Kapa TecCiKTiH e3repTinreH MeTpMKacbiHa aKeNeTiH KOCbIMLLA reoOMeTPUANbIK
WHBApUaHTTapAbl €Hri3y apKblbl Kannbl CafAbICTbIPMANbLINIBIKTbIH, KeHei KapacTbipblaaapbl.
MeTpuKanbik-addUHAIK TOCIIMEH MOAENb HEri3iHAe rpaBUTaLMANbLIK MH3aAay MEeH M1a3mablK,
opTafdafbl Kapa TECIKTiH KeNeHKeCiH KanbiNTacTbipyfa aHaAMTMKaNbIK Tanday Kyprisinai. k-
3CCEHUMSA CKaNAPbIK epicTeEPIMEH KEHENTINITEH KOCMONOMMANBIK MOAEeNbAEp WeHbepiHaer Kapa
CaHblnaynapAblH  9/Ci3  rpaBUTaUMANBIK  JMH3anayblHbIH - acepi  3epTTenedi. k-scceHuwms
MOZeNbAEePI, CbI3bIKTbIK eMeC KUHETUKAbIK AMHAMMKA, KOCMONOTUABIK TYPaKTbiHbI eHri3becTeH
faNaMHbIH, KedenfdeTinreH KeHewiH TyciHAipyre TapTbiMabl yMmiTkepnep 6onbin Tabblnagpl.
FOPU30OHT KypblbiMbiH, POTOH chepacbliH, KapPbIKTbiH ayblTKy OypblllblH KaHe AuH3anay
TeHAeyNepiH CUNaTTalTbiH enken-ternkenni dopmynanap 6epinreH. OcbiHAaN MoAenbaep
lweHbepiHAe TUIMAT MeTPUKaHbIH, ©3repyiH eCKepe OTbIpbIn, Kapa TECIKTEPre KaKblH OpHanacKaH
’KapblK, KO3AEPiHiH, KeCKiHiHIH Aedopmaumackl TanaaHabl. ©Ci3 AMH3aNay HaTWXKeciHae nanaa
6onaTbiH  aybITKy  Oypblllbl  MeH  pacnpedenbicy  YAeCTipiMiHiH - moanduKkaumanapsi
KapacTbipbliaapl. HaTuxkenep k-maHbl3abl ©picTep Kaimbl CanblCTbIPMaNbIIbIKTbIH, CTaHAAPTTbI
TypnepiHe GaKblnaHaTbiH Ty3eTy/sepre aKeayi MyMKiH eKeHiH KepceTefi, byn rpasuMTauUAabIK,
NIMH3anayabl actpodumsmKanbik Oakbliaynapaarbl KapaHfFbl SHeprua MeH MoamduKaumanaHfaH
aybIp/bIK  KYLWiHiH Herisri KacueTTepiH CbiHAy Kypanabl pPeTiHAe naiganaHydblH KaHa
nepcneKkTMBaNapbIH awaapl.

4 © 2025 Al-Farabi Kazakh National University


https://doi.org/10.26577/RCPh20259431
mailto:almira_240794@mail.ru
mailto:almira_240794@mail.ru
https://orcid.org/0000-0003-0732-2080
https://orcid.org/0009-0004-9996-2986
https://orcid.org/0009-0007-9040-113X
https://orcid.org/0000-0003-4935-9586

K.K. Yerzhanov et al.

TyliH ce3pep: rpaBUTAUMANBIK /IMH3aNay, Kapa TECIKTIH KeNeHKeci, Mnaa3malblk 0pTa,
e3repTiireH MeTPUKa, 9/1CI3 rpaBUTaLMASBIK Bpic.

K.K. EpxaHos, C.A. onabibal, A.M. CeprasuHa’, T.P. Mbip3akyn
EBpPasnnCcKmMii HaUMOHaNbHbIN YHUBepCcUTET Mmenu J1. H. Tymunesa, ActaHa, KaszaxcTtaH
*e-mail: almira 240794@mail.ru

Cnaboe rpasnTauMoHHOE TIMH3NPOBaHUE YepPHbIX Ablp
B 0606LLI,EHHbIX KOCMON0OrM4yeCknx moaenax c K-acceHLI,VIeVI

B sTOlM cTaTbe paccmaTpuBaeTca paclumpeHme obLlen Teopun OTHOCUTENbHOCTM MyTem
BBEAEHMA [OOMONHUTENbHbIX FEOMETPUYECKMX WHBAPWAHTOB B AEWCTBME, YTO NPUBOAMT K
MOAMDULMPOBAHHON METPUKE YepHOM Ablpbl. Ha ocHoBE MoAENM C MeTPUKO-abdUHHbLIM
NOAXOOOM  TMPOBEAEH  aHa/MTUYECKMM  aHaNM3  [PaBUTALUMOHHOIO  /IMH3MPOBAHMA U
bopMMPOBaHMA TEHM YepHOM Abipbl B MAa3MeHHOM cpegde. VMccneayercs BavsHue cnaboro
rPaBUTALMOHHOIO JIMH3MPOBAHUA YEPHbIX [blp B PaMKax KOCMOJOIMYECKMX MOoZenen,
PaCLIMPEHHbIX 3a CYET CKaNApHbIx nonen k-scceHumn. Mogenn k-scceHumen, HeaMHeNHOMN
KMHETUYECKOW [AMHAMUKON, ABASIOTCA MNPUBJEKATEbHbIMM KaHaMAaTamMn O1a 06bACHEHUA
YCKOPEHHOro  paclupeHus  BceneHHon 6e3  BBeAeHMS KOCMOJIOTMYECKOM MOCTOAHHOM.
MpuBeaeHbl NoapobHble GOPMY/bl, OMUCHIBAIOLWME CTPYKTYPY rOpn3oHTa, chepy GOTOHOB, yron
OTK/IOHEHMA cBeTa M 0bnadatolime paBHEHUS IMH3UPOBaHMA. B pamkax Takux mogenei boiia
npoaHanun3MpoBaHa Aepopmalms M300paxKkeHWa WMCTOYHWKOB CBETa, MPOXOAALIEro B 6M3M
YepPHbIX Ablp, C YY4ETOM M3MeHeHUA 3GDEKTUBHOW MeTPUKK. PaccmoTpeHbl moanduKaumm yria
OTK/NIOHEHMA W  pacnpefeneHua  CABMIOB BO3HMKAOWMX M3-3a C1aboro  JMH3MPOBaHMA.
MonyyeHHble pe3yabTaTbl MOKa3blBalOT, 4YTO k-3cceHUManbHbIX MOMEN MOXET NpUBOAUTL K
HabAl4aeMbiM NMOMpaBKkam K CTaHAApTHbIM BUAAmM 0bLIEel Teopuu OTHOCUTENLHOCTM, 3TO

OTKPbIBAE€T HOBblE MEPCNEKTUBLI
MHCTPYMEHTa  ANnA  TeCTUPOBaHUA

B WCMONb30BaHWM PABUTALMOHHOIO JIMH3MPOBAHMA KakK
byHOaMeHTaNbHbIX

CBOWCTB TEMHOW 3Heprum u

MOANPOULMPOBAHHOW rpaBUTaLMM B acTpOdU3NYECKMX HabAtoAEHNAX.
KntoueBble C/10Ba: rpaBUTALMOHHOE IMH3NPOBAHWE, TEHb YEPHOW AbIPbI, Na3MeHHas cpeaa,
moandMUMpPOBaHHaa MeTPMKa, cnaboe rpaBuTaLMOHHOe nose.

Introduction

An extension of the classical General Theory of
Relativity (GTR) becomes necessary to explain
modern observational data (dark energy, dark matter,
inflation). The traditional model of GR based on the
Einstein-Hilbert Sz = ﬁfd‘*x\/—_gR action
successfully describes gravitational phenomena in a
wide range of scales but faces difficulties in
interpreting cosmological observations. To solve
these problems modified theories of gravitation have
been proposed. In this context, we have previously
studied extended gravity F(R,Q), which considers
not only the curvature scalar R but also the non-
metricity scalar Q. Considering the problems of
classical GR, such as the necessity to explain the dark
energy and inflation, it is logical to generalize the
model to the functional S = [ d*x,/—gF (R, Q, X, $),
where X is the kinetic term of the scalar field, and ¢
represents an additional scalar field (k-essence
model) [1]. This approach allows one to account for

additional geometric effects (torsion, non-metricity)
via metric-affine theories of gravity (MAG).

The main goal of the study is to integrate the
extended theory of gravity with the effects of
gravitational weak lensing and black hole shadow
formation in a plasma medium. In order to achieve
this goal, the following tasks have to be solved:
Modification of the metric potential [2].

dr?

f)

where the function f(r) as the form

ds? = —f(r)dt? + + 12(d6? + sin?6d),

) =1 2M+/1
fn = r r?

where the function f(r) is of the form f and A is the
modification parameter.
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Methods

In this section we studied extended gravity,
namely gravity F(R, Q). Earlier we have considered
Lagrangians, Hamiltonians and  gravitational
equations for spacetime FLRU, which allows us to
obtain particular and generalised cases of theories of
gravitation. It is known that the classical GR, in spite
of its physical and mathematical validity, faces
problems (dark energy, dark matter, inflation), so its
modification becomes necessary. One of variants of
such modifications is the approach of metric-affine
theories of gravity (MAG), in which geometry
includes not only curvature, but also torsion and non-
metricity. To generalise the k-essence model, we
introduce a function F(R, Q, X, ¢)in action, where X

Results and Discussion

Let us consider a stationary spherically
symmetric spacetime described by the metric

ds? = —f(r)dt? + 2+ 12 (d0? + sin*0dp?) (1)

In this model, the function £ (r) is defined as follows:

Fr)=1 i + A 2

r)= r 7"2. ( )
Where M is mass of the black hole (taken
dimensionless for convenience of calculations), A is
parameter characterising deviations from the classical
Schwarzschild solution, g(r) is function defined by a
particular modification [5]. For example, it is possible

to take g(r) = e, M is the mass of the black

hole (we take a dimensionless value, setting M =
1 for convenience of calculations), 1 is a parameter
characterizing deviations from the classical
Schwarzschild solution. For 4 = 0 function (2)
reduces to the standard Schwarzschild solution:

F(r)y=1 M 3
" =1-—. ®)

The function F (r) of r for various values of A shown
in Figure 1.

Analysis of the horizon structure

The horizons of a black hole are determined by
the roots of the equation F(r) = 0. Substituting (2),
we get:

F 1 2M A 4
=1-—+-3. (4)

is the kinetic term of the scalar field and ¢ is the
complementary scalar field. Below is a special case
allowing to describe the observational data in the
neighbourhood of black holes.

This chapter provides a detailed description of a
modified stationary and spherically symmetric metric
used to model the gravitational field around a black
hole [3]. The main attention is paid to the analytical
derivation of the function F(r), the analysis of the
structure of horizons and the discussion of the
influence of the parameter A on the geometry of
space-time. The results are supported by graphical
analysis, which makes it possible to clearly see the
impact of the modification on key characteristics [4].

For convenience, we multiply this equation by 2
r2—2Mr+21=0. (5)

Solving the quadratic equation in r using the formula:

o 2MJ_r,/(22M2 —42) ML ()

0754

453 +-

0251

Fir}
(=4
=
>

250 4— {'

215}

~-1.03 4

Figure 1 — The function F(r) of r for various values
of 1. The purpose of the graph: Visually demonstrate
how changing the parameter A affects the function
F(r). With an increase in A, significant changes in
the behavior of the function are observed, which
affects the location of the horizons and subsequent
dynamic properties [4-5].
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Conditions for the existence of horizons: the
roots of (6) are valid under the condition M? > 1 [6].
When M? > 1 we get two different roots: r, = M +
VM?2 — A is the outer horizon, . = M — VM2 — 1 is
the inner horizon.

Dependence of horizon radii on A. Schedule
goal: Show how the internal and external horizons
change when the parameter is varied. This allows us
to evaluate how modification of the metric affects the
global structure of space-time.

Figure 2 illustrates the dependence of the inner
and outer horizon radii on the parameter A.

Dependance of horizon radil on A

'

Figure 2 — The graph shows that at A = 0, the inner
horizon is zero, and the outer horizon is 2M
(atr = 2). As 1 increases, the distance between the
horizons decreases [7].

Plasma effects and refractive index
When light propagates in a plasma medium, the

refractive index n(r) is determined by the following
relation:

w3()
w?(r)

n?(r)=1- @)

where w,(r) is local plasma frequency, w(r) is
frequency of the photon measured by an observer
located at a given point [7].

The gravitational redshift causes the local
frequency of a photon to be related to its frequency at
infinity w, as follows:

w(r) = wo/F(r) 8

where F(r)is defined by expression (7). Thus, the
refractive index becomes a function of both the radial
coordinate r and the parameter A through F(r).
Figure 3 shown dependence of the refractive index
n(r)onr.

Dependence of the refractive index n(r) on r by {(A=0.3)

— X

Figure 3 — This graph shows the dependence t (k)
from r for a fixed value of » and demonstrates how
gravitational redshift and metric modification affect
the refractive index where F(r). Thus, the refractive

index becomes a function of both the radial

coordinate r and the parameter A through F(r) [7].

The photon sphere and the shadow of a black
hole

A photon sphere, a region in which photons can
be in closed (unstable) orbits, and calculates the size
of the shadow of a black hole observed at infinity.
The results obtained depend on the modified metric
described by the function

F(r)y=1 M + A 9
N=1-—+ ©)
as well as from the influence of plasma effects, which
are taken into account through the refractive index
and plasma frequency [8].

Effective pulse parameter and photon sphere
condition

In the presence of plasma, the effective pulse
parameter is determined by the ratio:

2
1 wp

F(r) w?

h?(r) =12 [ (10)

where w,, is plasma frequency (with a homogeneous
plasma it is considered a constant),w, is frequency of
the photon at infinity F(r)is a metric function
defined by formula (2). A photonic sphere is formed
at the point where the h?(r) function reaches its
maximum. That is, it is necessary to fulfill the
condition:

dhz 11
g (r) 11

T=T'ph
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Solving this equation numerically allows us to
determine the radius of the photonic sphere 7, [9].

Effective pulse parameter h?(r) and definition
of the photonic sphere. Figure 4 shows the
dependence h?(r) on the radial coordinate r or the
selected value A and the fixed ratio w.

Dependence of the function h?(r), which defines the photonic sphere
—_— ir)
o Shade X
'y S P

e

h

Figure 4 —The maximum of the function h?(r)
corresponds to the position
of the photonic sphere,
which is marked on the graph [7].

Calculation of the shadow of a black hole

The size of the shadow of a black hole is
determined by the angular radius that can be obtained
for an observer located at infinity [10]. The angular
size of the shadow « is determined by the ratio:

h?(1pn)

Sinzash = W
0

(12)
Where r is the distance to the observer. Provided that
1o (F(ry) = 1, wy(1p) = 0) is very large, we can
assume:

h2(ry) =~ 1§. (13)
Thus, the observed shadow value is defined as:
Ry, = 1ysSinag, = /hz(rph). (14)

Dependence of the shadow size on the parameter
A. Graph description: For a set of values of 4, a
numerical calculation of r is performed, followed by
the calculation of R. The graph (Fig.5) shows how the
size of the shadow changes with a variation of A at
fixed values of plasma parameters.

Shadow radius Ay, vs A

0o 0.2 04 un 0e
A

Figure 5 — The graph shows that with an increase in
A, the shadow size decreases, which is explained by
a decrease in the radius of the photonic sphere.
This observation is important for interpreting
astronomical data and testing modified gravity
models [8].

Gravitational lensing in a weak gravitational
field

The process of gravitational lensing of photons

in a weak gravitational field described by a modified
metric.

1 2M A 15

F)=1-——+- (15)

Special attention is paid to the decomposition of

the metric in the domain where r > 2M and

obtaining an approximate analytical expression for

the angle of light deflection. The obtained results are

accompanied by a graphical analysis, which makes it

possible to visually assess the dependence of the

angle of deviation on the pulse parameter and the

influence of the parameter 1 and plasma effects [11].

Decomposition of the metric in a weak
gravitational field
The Minkowski metric:
Gap = Nap + haB' (16)
where n = diag(—1,1,1,1) is the Minkowski metric,
and h,g is a small disturbance.

From expression (2) we obtain an approximate
representation:

2M A
hoo =27~

17)

This decomposition determines that in a weak field,
the modification of the metric introduces corrections

of the order of % or riz to the components of the metric
tensor.
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Light deflection angle output

For a photon passing in a weak gravitational
field, the deflection angle a can be found using an
integral expression. When considering a photon
moving with the momentum parameter b, the
integration method along the line of rectilinear
motion is often used. When plasma effects are taken
into account, the expression for the deflection angle
has the following form:

2(b) 4MI/1+ ! \I
a(b) ~ — —
b _wp
w§
A
_4b2(2+ 5, (18)
Cw?

b is momentum parameter (the distance from the
center of the black hole to the line of motion of the
photon, approximately b =~ D;6, where D, is
distance to the lens, w, is frequency of the photon at
infinity, w,, is plasma frequency (with homogeneous
plasma it is considered a constant).

The first term in EQ.(18) corresponds to the
standard deviation angle multiplied by the correction
factor associated with the plasma dispersive effect.
The second term is due to a modification of the metric

due to the parameter A and has the order of %.

Dependence of the deflection angle a on the
impulse parameter b. The Fig.6 demonstrates that
with increasing b, the angle of deviation decreases,

and the influence of the additional term riz leads to a

noticeable change in the curve compared with the
classical case (for=0)
Qe:-er~dence Q? the deflection angle @ on the 1_n*ouls»:- parameter b

\ ——7

alh) (rad)
-

Figure 6 — This graph shows the dependence of the
angle of deviation @ on the impulse parameter b for

2

the selected value A and a fixed ratio %

0

The graph shows that as b increases, the angle of
deflection a decreases. For = 0.3, there is a slight
deviation from the classical behavior due to a
modification of the metric, and the plasma coefficient
increases the total angle of inclination by a factor of

> [4-8].
-2
@p

The lensing equation

Gravitational lensing is described by an equation
relating the angular position of the source (8), the
angular position of the image (6) and the angle of
deflection (a). In general, the equation has the form:

B=9—%& (19)
Ds

where Dy, is distance from the lens to the source,Dg
is distance from the observer to the source.

In a weak gravitational field and provided that
the impulse parameter b is approximately equal to
b ~ D60 (where D, is the distance to the lens), the
lensing equation takes the form:

Dls ~
B =0——2-a(Dyh). (20)

In this expression, the angle of deviation & is
determined by an approximate formula:

4M/ 1\ A 1

14— |- 2+ ——

p |Vt | Tt T
e ) 1-=P

g g

Substituting b = D;6 into this expression, we
obtain a nonlinear equation with respect to 8.

a(b) (21)

Numerical solution of the lensing equation

To determine the angular positions of the images
6 at a given angular position of the source equation
(21) is solved numerically. In practice, the equation
may have several solutions corresponding to different
images: primary, secondary, and (in some cases)
relativistic [11-15].

Dependence of the angular positions of the
images 6 on the angular position of the source S is
shown in the Figure 7.
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Dapendence of the image posmons £ on the source angle #

Figure 7— The graph shows the obtained numerical
solutions of equation (21) for the primary and
secondary images with a variation of § in a certain
range. The graph allows you to see how a change in
the angular position of the source leads to a shift in
the positions of the images [8].

Image magnification calculation

Magnification of an image is defined as the ratio
of the area of the image to the area of the source [16-
18]. To a one-dimensional approximation, the
magnification for each image can be written as
follows [19-20]:

=|>—. (22)

Conclusion

In this paper the integration of the extended
theory of gravitation with the analysis of gravitational
lensing and black hole shadow formation in the
plasma medium was carried out. The main results of
the study can be formulated as follows: Generalised
theory of gravitation. The paper considers a
modification of the classical general theory of
relativity by introducing a functionF (R, Q, X, ¢)
which includes not only the curvature scalar R but
also the non-metricity scalar Q together with an
additional scalar field ¢ (k-essence model). This
approach allows us to take into account the effects of
torsion and nonmetricity, which extends the scope of
application of the theory in modelling gravitational
phenomena under extreme conditions.

Modified metric potential. Based on the
generalised action, a stationary spherically symmetric
metric has been obtained in which the function f(r)

10

The total magnification of the image system is
determined by the sum of the magnifications of all

images:
Htot = z Hi -
i

In the analytical or numerical solution of
equation (22), one can calculate the dependence
6(p), and then, using (23), find u.

Dependence of image magnification on the
angular position of the source B is shown in the
Figure 8.

(23)

Depandance of iImage magnfcaton on the source angle §

100 4

Figure 8 — This graph shows the conditional
dependence of magnification for primary and
secondary images depending on . The graph allows
you to visually assess how a change in the angular
position of the source affects the brightness and
magnification of images obtained as a result of
lensing [4-8].

has the form f(r)=1- ¥ + Ag(r).Here, the

parameter A is responsible for deviations from the
classical Schwarzschild solution, and the chosen
function g(r) allows us to quantify the effect of the
modification on the horizon structure. Numerical and
graphical analyses have shown that even insignificant
changes in the parameter A can significantly change
the position of inner and outer horizons, which is
important for the interpretation of observational data.
Photon dynamics in the plasma medium.

The account of plasma effects is realised through
the introduction of the refractive index (r),
depending on the local plasma frequency and
e _ w3
redshift: n(r) = ()

This allows to describe correctly the

gravitational 1- where

Woo

NG

w(r) =
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propagation of photons near a black hole, where the
plasma effects become essential. Gravitational
lensing and shadow of a black hole. The obtained
results allowed us to perform a detailed analysis of
the angle of light deflection, the formation of the
photon sphere and the calculation of the angular size
of the black hole shadow. The modification of the
metric potential leads to changes in the photon
dynamics, which is reflected in observational
characteristics such as image shift and magnification
under lensing. Practical significance and prospects.
The results of this work demonstrate that
combining the extended theory of gravitation with the
analysis of plasma effects and gravitational lensing
allows us to obtain a more accurate description of
gravitational phenomena in the vicinity of black
holes. This opens new possibilities for experimental
testing of theoretical models using modern

astronomical observations, such as data from the
Event Horizon Telescope. Prospects for further
research include taking into account the
inhomogeneous distribution of plasma, the influence
of black hole rotation and the development of more
sophisticated numerical models to analyse the strong
gravitational field.

Thus, the study confirms that modification of the
classical theory of gravitation by introducing
additional parameters and taking into account plasma
effects allow us to significantly expand the modelling
capabilities of gravitational processed.

Acknowledgements

This research is funded by the Science
Committee of the Ministry of Science and Higher
Education of the Republic of Kazakhstan (Grant No.
AP23489289)

References

1. A Ditta, T. Xia, S. Mumtaz, F. Atamurotov, G. Mustafa, A. Abdujabbarov, Testing the Metric-Affine Gravity

using particle dynamics and photon motion,

https://doi.org/10.1016/j.dark.2023.101248.

Physics of the

Dark Universe 41, 101248 (2023).

2. W. Liu, D. Wu, X. Fang, J. Jing, J. Wang, Kerr-MOG-(A)dS black hole and its shadow in scalar-tensor-vector
gravity theory, Journal of Cosmology and Astroparticle Physics (JCAP) 08, 035 (2024). https://doi.org/10.1088/1475-

7516/2024/08/035.

3. A. Das, A. Saha, S. Gangopadhyay, Shadow of Kottler black hole in the presence of plasma for a co-moving
observer, Classical and Quantum Gravity 40, 015008 (2023). https://doi.org/10.1088/1361-6382/aca5e4.

4. 0.Y. Tsupko, G.S. Bisnovatyi-Kogan, Gravitational deflection of light in a homogeneous plasma, Physical
Review D 87, 124009 (2013). https://doi.org/10.1103/PhysRevD.87.124009.

5. H. Hoshimov, O. Yunusov, F. Atamurotov, M. Jamil, A. Abdujabbarov, Weak gravitational lensing and shadow
of a GUP-modified Schwarzschild black hole in the presence of plasma, arXiv preprint, arXiv:2312.10678 (2023).

https://doi.org/10.48550/arXiv.2312.10678.

6. N.U. Molla, U. Debnath, Shadows and Strong Gravitational Lensing by Van der Waals Black Hole in
Homogeneous Plasma, arXiv preprint, arXiv:2212.02104 (2022). https://doi.org/10.48550/arXiv.2212.02104.

7. Q.-M. Fu, S.-W. Wei, L. Zhao, Y.-X. Liu, X. Zhang, Shadow and weak deflection angle of a black hole in
nonlocal gravity, Universe 8, 341 (2022). https://doi.org/10.3390/universe8070341.

8. X.-M. Kuang, Z.-Y. Tang, B. Wang, A. Wang, Constraining a modified gravity theory in strong gravitational

lensing and  black hole  shadow
https://doi.org/10.48550/arXiv.2206.05878.

observations,

arXiv  preprint,  arXiv:2206.05878  (2022).

9. A. Kumar, A review on analytical studies in gravitational lensing, Frontiers in Physics 11, 1113909 (2023).

https://doi.org/10.3389/fphy.2023.1113909.

10.Y. Zhang, L. Chen, M. Li, Gravitational Lensing around a Dual-Charged Stringy Black Hole in Plasma
Background, European Physical Journal C 85, 4, 101 (2025). https://doi.org/10.1140/epjc/s10052-025-13362-9.

11. S. Kumar, R. Patel, M. Sharma, Shadow and weak gravitational lensing of a rotating regular black hole in a non-
minimally coupled Einstein—Yang—Mills theory in the presence of plasma, Classical and Quantum Gravity 39, 045001

(2025). https://doi.org/10.1088/1361-6382/abcal?.

12. S.L. Rubinshtejn, Osnhovy obshhej psihologii [Basics of general psychology] (SPb: Piter.Kom., 1999), 720 p. (in

Russ).

13. A. Einstein, The foundation of the general theory of relativity, Annalen der Physik 49(7), 769-822 (1916).

https://doi.org/10.1002/andp.19163480702.

14. S. Weinberg, Cosmology, (Oxford, Oxford University Press, 2008).
15. C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation (San Francisco: W. H. Freeman and Co., 1973).
16. S. Carroll, Spacetime and geometry: An introduction to general relativity (San Francisco: Addison Wesley,

2003).

17. K.K. Yerzhanov, B. Meirbekov, G. Baurzhan, R. Myrzakulov, Cosmological solutions of F(R,T) gravity model
with k-essence, Journal of Physics: Conference Series (2019). https://doi.org/10.1088/1742-6596/1391/1/012070.

11


https://doi.org/10.1016/j.dark.2023.101248
https://doi.org/10.1088/1475-7516/2024/08/035
https://doi.org/10.1088/1475-7516/2024/08/035
https://doi.org/10.1088/1361-6382/aca5e4
https://doi.org/10.1103/PhysRevD.87.124009
https://doi.org/10.48550/arXiv.2312.10678
https://doi.org/10.48550/arXiv.2212.02104
https://doi.org/10.3390/universe8070341
https://doi.org/10.48550/arXiv.2206.05878
https://doi.org/10.3389/fphy.2023.1113909
https://doi.org/10.1140/epjc/s10052-025-13362-9
https://doi.org/10.1088/1361-6382/abca12
https://doi.org/10.1002/andp.19163480702
https://doi.org/
https://doi.org/

Weak gravitational lensing of black holes in generalized cosmological models with k-essence

18. K.K. Yerzhanov, G. Baurzhan, A. Altaybaeva, R. Myrzakulov Inflation from the symmetry of the generalized
cosmological model, Symmetry 13(8), 1433 (2021). https://doi.org/10.3390/sym13081433.

19. D. Momeni, K.K. Yerzhanov, R. Myrzakulov, Quantized black hole and Heun function, Canadian Journal of
Physics 90(9), 877-881 (2012). https://doi.org/10.1139/p2012-069.

20.T. lbrokhimov, Z. Turakhanov, F. Atamuratov, A. Abdujabbarov, K.K. Yerzhanov, G. Baurzhan, A.
Abduvokhidov, Testing regular scale-dependent black hole space time using particle dynamics: Shadow and gravitational
weak lensing, Physics of the Dark Universe 47, 101778 (2025). https://doi.org/10.1016/j.dark.2024.101778.

Article history:

Received 27 May 2025

Received in revised form 24 June 2025
Accepted 07 September 2025

Information about authors:

1. Koblandy Yerzhanov — PhD, Department
of General and Theoretical Physics, L.N. Gumilyov
Eurasian National University, Astana, Kazakhstan, e-
mail: yerzhanov_kk@enu.kz

2. Sultanbek Zholdybai — Graduate student of
the Department of General and Theoretical Physics,
L.N. Gumilyov Eurasian National University,Astana,
Kazakhstan, e-mail: sultanbek200451@gmail.com

3. Almira Sergazina — (correspondent author)
Doctoral student of the Department of General and
Theoretical Physics of the L.N. Gumilyov Eurasian
National University, Astana, Kazakhstan, e-mail:
almira_240794@enu.kz

4.  Tolkynay Myrzakul — PhD, L.N. Gumilyov
Eurasian National University, Astana, Kazakhstan, e-
mail: tmyrzakul@gmail.ru

12

MaxkaJjia Tapuxbl:

Tycri — 27.05.2025

Tyzerinren Typae Tycti — 24.06.2025
Kao6smanasr — 07.09.2025

ABTOpJAp TypaJibl MAJIiMeT:

1. Koonauasl Ep:kanoB — PhD, JKamner sxone
TeopusUiblK  pusuka  kadempacer, JLH. Tymunes
aTbiHAarel Eypasus yiTTBIK yHUBepcuTeTi, AcraHa,
Kazakcran, e-mail: yerzhanov_kk@enu.kz

2. Cynranfex Koanpwibaii — JKamnbl xoHe
TEOpHSUTBIK (HU3HKa KaeapackHbIH MarucTpanTsl, JI.H.
I'ymuneB at. Eypasus yiTTRIK yHHBEpCHTETi, AcTaHa,
Kasakcran, e-mail: sultanbek200451@gmail.com

3. AuibMupa Cepra3zuna - (aBTOP-
KoppecnoHzeHT) JKanmbl >kKoHE TEOPHAIBIK (QHU3HKa
kadenpacsiHbly gokTopanTsl JI.H. 'ymunes aTeiHmarst
Eypasus yntTeIK yHUBepcuteTi, Actana, KazakcraH, e-
mail: almira_240794@enu.kz

4. TonkpiHaii Mbip3akyi — PhD, JLH. T'ymunes
aTbiHAarbl Eypasust yiTTBIK yHUBEpcuTeTi, AcraHa,
Kazakcran, e-mail: tmyrzakul@gmail.ru



https://doi.org/
https://doi.org/
https://doi.org/
https://doi.org/
https://doi.org/10.1016/j.dark.2024.101778
mailto:yerzhanov_kk@enu.kz
mailto:sultanbek200451@gmail.com
mailto:almira_240794@enu.kz
mailto:tmyrzakul@gmail.ru
mailto:yerzhanov_kk@enu.kz
mailto:sultanbek200451@gmail.com
mailto:almira_240794@enu.kz
mailto:tmyrzakul@gmail.ru

