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NUMERICAL SIMULATION OF THE KEPLER PROBLEM IN WOLFRAM MATHEMATICA

In this article, we consider the classical Kepler problem, emphasizing its fundamental
features, implications, and broad applications in celestial mechanics and astrophysics. The Kepler
problem, which describes the motion of bodies under the influence of Newton’s law of universal
gravitation, remains one of the cornerstones of classical mechanics and continues to play a crucial
role in modern space science. For pedagogical and illustrative purposes, we employ Wolfram
Mathematica to visualize a variety of examples of planetary motion within the Solar System. This
computational approach allows us to highlight the interplay between theory and numerical
simulations, offering students and researchers an intuitive way to explore orbital dynamics. The
Kepler problem is formulated and solved numerically, and we demonstrate how variations in
initial conditions - such as position and velocity - lead to distinct orbital trajectories. As
representative cases, we analyze the motion of the Earth and selected artificial satellites under
the gravitational field of the Sun, stressing the relevance of these simulations for practical
applications, such as mission design and orbital prediction. In addition, we examine elliptical
orbits in detail and numerically confirm the conservation of orbital angular momentum and total
mechanical energy, thereby reinforcing key principles of mechanics. We also validate all three of
Kepler's laws within our numerical framework, demonstrating their consistency with the
trajectories derived from Newtonian gravity. The results obtained in this work are versatile and
can be effectively applied at multiple educational levels. They are suitable for advanced high
school programs in physics and astronomy, as well as for undergraduate laboratory courses in
physics, astronomy, mathematics, and engineering. Beyond their pedagogical value, the
presented methodology offers a simple yet powerful framework for initiating research-oriented
activities. Overall, this study provides both educational and scientific insights, serving as a bridge
between classical theory, computational methods, and modern applications in space science.
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Wolfram Mathematica 6afaapnamacbiHaa Kennep ecebiH caHAbIK Mogenbaeyi

Byn *ymbicTa 6i3 Knaccukanbik Kennep ecebiH KapacTblpbin, OHbIH, iprefi epekwenikTepiH,
CangapblH KaHe acnaH MexaHWKacbl MeH acTpodU3nKaLaFbl KeH KOAAAHbINYbIH aTan eTemis.
HbIOTOHHbIH, BYKiNaNEMAIK TapTblbIC 3aHbl HEri3iHAe AeHenepfiH KO3fa/biCblH CMNATTanTbIH
Kennep ecebi KnaccukanbiK MexaHWKaHbIH, HeridaepiHiH 6ipi 6onbin Kana bepefi XaHe Kaszipri
fapblW fblAbIMbIHAQ MaHpbI34bl pen  aTkapadbl. [lefarornkanblk, KaHe WACTPaLUMANbIK
MaKcaTTapda 0i3 KyH »KyWeciHaeri nnaHeTanapblH SpTYpPAi KO3fanbiC TPaAeKTOpMANapbiH
benHeney ywid Wolfram Mathematica 6armapnamacbiH KongaHambls. MyHaan ecentey Tacini
TEOpUA MeH CaHAblK MoaenbaeyAiH OalnaHbICbiH  aWbin  KepCceTin, CTyaeHTTep MeH
3epTTeylinepre opbuTanbiK AMHAMMKaHbl 3epaeneyiiH KepHeKi KypasblH yCbiHadbl. Kennep
ecebi TyKblpbIMAANbIN, CAaHAbIK TYpAe Wellinesi »aHe 6acTtankbl WapTTapAblH, - MblCabl, CbIHaK,
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AeHenepaiH, OpHbl MeH XblAaMAblFblH ©3repTy - 3PTYPAi TpaeKTopuAnapfa oKeseTiHiH
KepceTemis. KepHeKTi Mmbican peTiHae MepaiH (KoHe KacaHAbl CepikTepaiH, KyHHIH,
rPaBUTAUMANDBIK ~ ©piCIHAEr  KO3fa/biCbl  KapacTbipbliadbl. by  mogenbaep  fapbllWThiK,
Muccmanapasl kobanay MeH opbutanapabl 60/xKaydafbl  NMPAKTUKAAbIK  MaHbI3AbIAbIFbIH
nanenpenni. CoHbIMEH KaTap 3AAUNCTIK opbuTanap erken-terkenni tangaHbin, opbuTanbik
UMMNYSIbC MOMEHTIHIH, XOHEe TO/NbIK MEeXaHWKaNbIK 3SHEePruAHblH, CaKkTanybl CaHAbIK Typae
pactanagbl. KennepdiH yw 3aHbl A3 CaHAbIK MoAenbAey aAcCbiHAA TeKcepinin, onapAblH,
HblOTOHHbIH, TapTbIAbIC TEOPMACbIHAH LWbIFATbIH TPAaEeKTOPUANAPMEH CIMKECTIr KepceTineai.
AnblHFaH HaTUXKenep 6inim bepyaiH apTypAi AeHrennepiHae KonaaHblaybl MyMKiH. Onap dusnka
MeH acCTPOHOMMSHbI TepeHAeTin OKpITaTblH MeKTen 6Gardap/iamanapbl YWiH Ae, CoHAan-aK,
yHUBEpCUTETTEPAiH U3MKA, aCTPOHOMMA, MATEMATMKA KaHE MHXKeHepnik naHaep 6oMbiHWA
KypCTapbl MeH 3epTxaHablK cabakTapsl YLiH Ae naiaansl. Meaarorvkanbik MaHbi3biHaH benek,
YCbIHbINIFAH dAiCTEME FbINbIMU-3EPTTEY KbI3METIH BacTayablH Kapanalbim, bipak TMiMAai Kypasbl
6ona anagpl. Kannel, Oy 3epTTey KAaCCUKa/IbIK TEOPUAHbI, ecenTey JICTepiH XaHe Kasipri
3aMaHFbl FapbILL FblJbIMbIHAAFLI KOAaHbanapabl OipikTipeai.

TyliH cespep: dU3MKaHbl OKbITyAblH aaicTepi, rpasutauma, KyH »Kyheci, Kennep ecebi,
Kennep 3anaapsbl.
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YncneHHoe mogenvpoBaHue 3aaa4m Kennepa B Wolfram Mathematica

B pnaHHOM paboTe Mbl paccmaTpuBaem KnacCMYeckyto 3adadvy Kennepa, noavepkusas eé
byHAAMeHTaNbHble 0COBEHHOCTN, CNEACTBUA U LUMPOKME NPUIOKEHUA B HEOECHOW MeXaHMKe U
acTpodusmke. 3apadva Kensnepa, onucbiBatollas ABWMXKeHWMe Ten noh AeWCTBMEM 3aKOoHa
BCEMMWPHOIO TAroTeHMA HblOTOHA, OCTAETCA KpaeyroabHbIM KaMHEM K1aCCUYECKOM MeXaHMKN U
NPOAO/KAET UrpaTb BaXKHYIO POJib B COBPEMEHHOW KOCMMYECKOM Hayke. B nmeaarornyeckmx u
MNMOCTPATMBHBIX Lenax mbl ncnonbldyem Wolfram Mathematica ans Busyanmsaumm pasamyHbIx
NpMMepoB ABWMKeHMA NaaHeT B CoNHeYHOM cucTeme. TakoM BblUMCAUTENbHbINA NOAXO0 NO3BOAAET
NOAYEPKHYTb CBA3b MEXKAY TEOPUEN M YNCEHHBIM MOAENMPOBAHMEM, NPEAOCTABAAA YYaLLMMCA
M MCCNeoBaTeNsM HarAaAHbIA MHCTPYMEHT A8 M3yYeHua opbuTanbHOM AMHAMWMKKU. 3adada
Kennepa dopmyamnpyeTcs n pellaeTca YNCNEHHO, U Mbl MOKa3biBAaeM, KaK M3MEHEHMA HaYa IbHbIX
YC/IOBUM - TAKMUX KaK MNONOMKEHME N CKOPOCTb NPODOHbIX TEN - NPUBOAAT K PA3/IMYHBIM TPAEKTOPUAM
OBUXKeHMA. B KauecTBe HarnaaHbIX NPMMEPOB PACCMaTPUBAETCA ABUMKEHNE 3eMIU U OTAENbHbIX
MCKYCCTBEHHbIX CMYTHWUKOB B rPaBUTaLMOHHOM nosie CoMHLA, YTO AEMOHCTPUPYET MPaKTUYECKYHO
3HAYMMOCTb 3TUX MOAeNel ANA NPOEKTMPOBAHUA MUCCUI U NpeacKasaHusa opbuT. Kpome Toro,
NoApPOOHO aHaNM3MPYOTCA INAUNTUYECKME OPOUTLI M YNCIEHHO NOATBEPNKAAETCA COXPaHEeHMWe
opbuTanbHOro MOMEHTa M MOJHOM MeXaHU4YecKkol aHeprnn. Mbl TakKe nNpoBepAem Bce Tpu
3aKoHa Kennepa B pamKax YWUC/NIEHHOTO MOAE/IMPOBAHMA, MOKa3blBas WX COMMacoOBaHHOCTb C
TPAEKTOPUAMM, BbITEKAKOLLMMM N3 HbIOTOHOBCKOM TeopuU TAroTeHuA. MNoayyeHHble pe3yabTaThbl
MOIYT MPUMEHATBCA Ha Pa3HbIX YPOBHAX 06pa3oBaHmMA. OHM NoaesHbl Kak ANa yraybaeHHbIX
WKOJIbHbIX MPOrpamMm Mo ¢GW3MKe W acTPOHOMWK, TaK U ANA YHUBEPCUTETCKUX KypPCOB M
NabopaTopHbIX 3aHATUI MO GU3MKE, ACTPOHOMMM, MATEMATUKE N UHKEHEPHbBIM AUCLMMINHAM.
MoMMMO NeaarorMyeckom LEHHOCTW, MpeAcTaBAeHHAA MeTOA0N0MMA CAYKMT MNPOCTbIM, HO
3bPEKTUBHBIM MHCTPYMEHTOM A/18 Hayana UCCAe0BaTENbCKOM AEATENBHOCTU. B Luenom gaHHoe
nccnefoBaHne 06beANHAET KNACCUYECKYIO TEOPUIO, BbIYUCINTEbHbBIE METOAbI M COBPEMEHHbIE
MPUNOKEHNA B KOCMUYECKOM HayKe.

Kniouesble cnosa: metofpbl dM3Myeckoro ob6pasoBaHms, rpaBUTaLLMA, CONHEYHAA CUCTEMA,
3aga4va Kennepa, 3akoHbl Kennepa.
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Introduction

The two-body problem is a classical and well-
known problem in mechanics, describing the mutual
gravitational motion of two celestial bodies of
comparable masses (m1~m2), both revolving around
their common center of mass [1]. A special limiting
case of this problem is the Kepler problem, where one
body is assumed to be much more massive than the
other (m=M > m;=m) [2, 3]. In this case, the
massive body acts as a fixed gravitational source
whose motion is negligibly affected by the lighter
body. The lighter one - often referred to as a test body,
test particle, or simply orbiting object - moves under
the influence of the central gravitational field. The
Kepler problem provides an elegant and practical
framework for describing the motion of planets,
natural and artificial satellites, comets, and asteroids
within the Solar System. It plays a fundamental role
in celestial mechanics, astronomy, and space research
[3].

Historically, the problem was formulated and
solved by Isaac Newton (1643-1727) using his laws
of mechanics, dynamics, and universal gravitation,
building on the observational discoveries and
empirical laws of Johannes Kepler (1571-1630).
Through careful observation of planetary motions and
extensive data analysis, Kepler derived his three
fundamental laws of planetary motion, which remain
cornerstones in physics education and are widely
presented in high school and university textbooks [2,

Mathematical Formulation and Methods

Within the framework of Newtonian gravity, the
Kepler problem can be formulated step by step as
follows:

1. Newton’s Second Law of Motion

This law relates the net force F acting on a body
to its mass m and acceleration a:

F=ma (1)

Since acceleration is the time derivative of velocity a
= dv/dt, and velocity is the time derivative of the
position vector v = dr/dt, the equation naturally links
the applied force to the trajectory of the particle. Note
that we use boldface notation for all vector quantities
throughout this article.

2. Law of Universal Gravitation

Newton’s law of gravitation gives the attractive
force between two point masses M and m, separated
by a distance r =|r|:

F=-GmMr/r 2)

3]. While Kepler’s laws were strongly supported by
observations, they lacked a deeper theoretical
foundation until Newton provided a rigorous
mathematical explanation through his laws of motion
and the law of universal gravitation.

Despite their importance, visualizing the Kepler
problem during university lectures can be
challenging. Showing how planetary trajectories
evolve when initial conditions such as position and
velocity are varied is difficult using only schematic
diagrams or pre-made videos. Such traditional
approaches often fail to fully engage students, who
must rely largely on their imagination without the
possibility of conducting real experiments.

To address this pedagogical gap, this article
focuses on the numerical solution of the Kepler
problem and the visualization of planetary motion
within the Solar System. We provide a concrete
example implemented in Wolfram Mathematica,
which can be directly used in practical or laboratory
classes on Newton’s law of universal gravitation and
the Kepler problem. Through this computational
approach, students and educators can simulate
planetary orbits, analyze different initial conditions,
and verify fundamental properties such as the
conservation of orbital angular momentum and total
mechanical energy. Moreover, the code can be easily
adapted to study the motion of natural and artificial
satellites, simulate cometary trajectories, or explore
other space research scenarios.

where G is the universal gravitational constant and r,
on the other hand is the magnitude of the position
vector, which represents the radial distance between
the two bodies [4, 5]. This force is directly determined
by the position vector of the test particle with respect
to the massive body. The negative sign in the force
expression appears because the position vector r is
directed outward from the source (located at the
coordinate origin) toward the particle, whereas the
gravitational force acting on the test particle is
directed inward, toward the source.

3. Equation of Motion in a Central
Gravitational Field

By equating the two expressions for the force,
one obtains the equation of motion for a test particle
in the gravitational field of a central body of mass M:

m d?r/dt’=-G m M r/r?, (3)
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After canceling the test particle’s mass m, this
simplifies to

d’r/dt?=-G M r/r® 4)

which is a second-order differential equation
describing the relationship between acceleration,
velocity, and position of the orbiting body.

Thus, the Kepler problem reduces to solving this
vector differential equation for given initial
conditions (initial position and initial velocity). Its
solutions describe all possible orbital trajectories:
circular, elliptical, parabolic, or hyperbolic,
depending on the total energy of the system. As can
be seen, Eq. (4) constitutes a system of second-order
differential equations for the Cartesian components X,
y, and z. For simplicity, we restrict the motion to the
equatorial plane by setting z = 0. In this case, the
position vector and its magnitude are expressed as

r=ixtjy, ()
r = Ir| = (C+y)2 (6)

where i and j are the unit vectors along the x and y
axes, respectively. Taking into account the definition
of the position vector and its magnitude, Eq. (4) can
be decomposed into two ordinary differential
equations forming a coupled system

d?x/dt? = — G M x/(x?+ y?)*? 7)
d2y/dt? = — G M y/(x2+ y?)3?2 (8)

Consequently, we obtain a system of equations
that must be solved numerically. It is worth noting
that an analytical solution for this system exists in
polar coordinates, as presented in various physics
textbooks, where the conservation of energy and
orbital angular momentum is explicitly taken into
account [1, 2, 3]. However, the analytical treatment is
beyond the scope of the present article.

To solve the system of Egs. (7) and (8), one must
first specify a particular planet - for example, the
Earth orbiting the Sun, any other planet within the
Solar System, or even an exoplanetary system.
Naturally, basic orbital parameters, such as the
average orbital speed and the mean distance from the
Sun, should be obtained from observational data [2,

Mathematica and its alternatives

Before presenting the coding part, it is important
to emphasize that Mathematica is a comprehensive
computational software environment designed to
perform a wide spectrum of mathematical and
scientific tasks. At the simplest level, it can function
as a standard calculator for engineers and applied
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3]. For more specific or precise problems, additional
parameters like the orbital eccentricity, the lengths of
the semi-major and semi-minor axes, and the
inclination angle relative to the equatorial plane
would also be required. However, for purely
illustrative purposes, knowing only the average
orbital speed and distance is sufficient.
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Figure 1 — Schematic illustration of the Sun (yellow
disk) and Earth (blue dot) located in the z=0 plane.

In Fig. 1 we present a schematic representation
of the position of the Sun and Earth position in a
Cartesian coordinate system. The Sun is placed at the
coordinate origin (0,0), while the Earth is initially
positioned at coordinates (1,0) in astronomical units
(AU). In principle, the Earth could be placed at any
location; however, for simplicity and numerical
convenience, we adopt these initial coordinates.

Let us assume that at initial time t=0, the position
of the Earth is given as shown in Fig. 1.

Thus, x(0) = 1 AU and y(0) = 0 AU. The time
derivative of the coordinates, x> = dx/dt = vy and y’ =
dy/dt = vy , represent the components of the velocity
along the x and y axes, respectively. According to
Fig. 1, we choose the initial velocity components of
the Earth as x’(0)=0, indicating that the Earth does not
move along the x axis at this instant, and y’(0)= 29.8
km/s, meaning that at the point (1, 0) AU the Earth
moves perpendicular to the x axis i.e. tangentially to
its orbit.

The motion is taken to be counterclockwise.
With these initial conditions specified, one can run
the Wolfram Mathematica [6-8] code to obtain
numerical the results.

scientists. At the same time, its more advanced
capabilities allow it to serve as a powerful platform
for symbolic and analytic computations. Specifically,
Mathematica can solve linear, nonlinear, and
transcendental equations, as well as ordinary and
partial differential equations, both analytically and
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numerically. It is also capable of performing definite
and indefinite integrations, Taylor and other series
expansions, limits, summations, and root-finding,
along with convergence checks for series.
Visualization is another strong feature: the software
can generate two- and three-dimensional plots,
contour and density plots, parametric plots, and even
dynamic animations of curves, surfaces, and volumes.
In addition, Mathematica incorporates advanced
functionalities such as tensor calculus, variational
principles, optimization routines, and symbolic
algebra, making it especially suitable for research in
physics, mathematics, and engineering. Many experts
also employ Mathematica as a high-level
programming language, applying it to tasks ranging
from data analysis to complex physical simulations.
Thus, Mathematica may reasonably be regarded as an
effective and versatile tool for physicists and other
scientists engaged in analytical and computational
investigations.

Despite these strengths, Mathematica is not
unique in the field of computational software. Its
closest competitors include Maple [9], Mathcad [10],
and Matlab [11]. In terms of symbolic manipulation
and pure mathematical rigor, Maple is often
considered more transparent and efficient,
particularly for algebraic computations. Mathcad, on
the other hand, provides an interface that is highly
intuitive and document-oriented, which can be
advantageous for engineering applications requiring

Results and Discussion

We begin by entering the position vector along
with its first and second derivatives with respect to
time

n[]= ¥ = {x[t], ¥[t]}
v =D[r, t]
a=D[r, {t, 2}]

out[1= {x[t], ¥[t]}

outl= {x'[t], ¥ [t]}

outal= {x"[t], v [t]}

2

where “In[]” indicates the user’s input, while “Out[]
represents the corresponding output generated by
Wolfram Mathematica \cite{6-8}. Moreover, “Out[]”
also signifies that all quantities in the output are
stored in Mathematica’s active memory. The
components of the position vector are enclosed within
curly brackets “{}” without explicitly writing unit
vectors. To compute the first and second derivatives,
we use the command “D”; for more details, see [6-8].
The dot (scalar) product of the position vector with

interactive calculations. Matlab is widely regarded as
the most robust option for numerical linear algebra,
signal processing, and large-scale numerical
simulations, though its symbolic capabilities are more
limited and typically rely on additional toolboxes. By
contrast, Mathematica distinguishes itself by
combining symbolic and numerical methods in a
single integrated environment, while also offering
strong visualization and programming support.

Beyond these direct rivals, there exist indirect
competitors such as Python [12] and GeoGebra [13]
etc. Python, with its extensive ecosystem of open-
source libraries, has become increasingly popular for
both education and research due to its flexibility and
accessibility. GeoGebra, while simpler, offers an
interactive environment well-suited for teaching and
introductory-level visualization of mathematical
problems. Although these alternatives overlap with
Mathematica in certain applications, they often target
specific niches rather than attempting to provide a
single unified framework.

Overall, the choice between Mathematica and its
alternatives depends on the scope of the problem,
available resources, and the user’s background.
However, its unique integration of symbolic
manipulation, numerical analysis, visualization, and
programming continues to make Mathematica a
valuable and versatile tool in both education and
scientific research.

(134

itself is calculated using the
example:

operator. For

4= ¥.x

Out[4]= x[t]%+y[t]?

this input returns the square of the position vector,
and taking its square root yields the magnitude of the
position vector, i.e., the radial distance. Based on this,
we can now express the forces according to Newton’s
second law of dynamics and the law of universal
gravitation as follows:

nE= FN=ma

GmMr
FG = = —mm —

(r.x)3/?

outs= {mx"[t], my [t]}

GmMx[t] GmMy[t]

Qut[s]= {_ I::X[t]z +Y[t]2::l3":2 r- |::X[t]2 +y[t]2:|3__-2 }

99



Numerical simulation of the Kepler problem in Wolfram Mathematica

where the outputs display the x and y components of
the corresponding forces. The equations of motion are

then obtained by equating these two forces and
canceling the mass of the Earth, as follows:

FN FG
Inf7]= @4 = — = — // Thread
m m
” GMx[T o GM t
out[7]= {X [t] =-- e] 3z’ ¥yo[t] = -- vl ]2,| 3.-'2}

where we use the command “Thread” to equate the
corresponding components of the forces. To solve the

(x[t1%+vyIt]12)

(2[t1%+v[t1?)

resulting system of equations, we must specify the
initial conditions for the Earth:

ine]= ie = {x[0] == AU, ¥[0] =0, x'[0] =0, y'[0] = v0}

outisl= {®[0] = AU, y[0] =0,

¥ [0] =0, y'[0] =vO}

In addition, it is necessary to define the physical constants and the parameters of the Earth’s orbit:

nei- G = 6.6743 10711

M =1.98892 % 103°
v0 = 29.8 % 1000

AY = 149597 870 700

£0 = 365.25 % 24 « 60 * 60
Outig)= 6.6742x 1071

ou10)- 1.98892 x 1030
outfii}= 29800.
oupiz= 145587 870700

ou1z= 3-15576x 107

Using all the data above, one can proceed with the solution:

in[14]= sel = NDSolve[Join[eq, ic], {x[t], ¥[t]l}, {t, 0, £0}]

Out[14]= {{X[t] - InterpolatingFunction[{{O., 3.15576><107}}, <>] [tl,
y[it] = InterpolatingFunction[{{O., 3.155?6x107}}, <>] [t] }}

where “sol” is simply the name assigned to the
numerical solution. The command “NDSolve” is used
to numerically solve the differential equations, while
“Join” combines the equations and initial conditions
in a single system. It is necessary to explicitly specify
the functions we seek - “x[t]”” and “y[t]” - along with
the range of the independent variable, “{t, 0,t0}”. The

Inj15 xs[t ] = x[t] /.

ys[t ]=y[t]/.

- InterpolatingFunction|{{0.

- InterpolatingFunction||{C

100

solution is provided as interpolation functions, which
do not have closed-form analytic representations.
However, if needed, one can obtain approximate
analytic expressions using a fitting function. Next,
one can assign the numerical solutions to new
functions using the following procedure:

sol[[1]]
s0l([1]]

L
"
ur
L
-
3
rt
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This step is necessary to reduce the number of
subsequent inputs. Using this newly defined

Plot[xs[t], {t, 0, t0)}, AxesLabel - {Style["t,
FontSize = 10))

BaseStyle 4 {FontFamily < "Times",

functions, one can plot their time dependence. Let us
first consider the function x(t):

5", Medium], Style["x, m", Medium]},

$0x16° 10x107 15x107 20x107

Wil [ =

Here, the “Plot” command is used to generate this
graph. The option “AxesLabel” specifies the labels
for the x- and y-axes, while “BaseStyle” controls the
font family and size used for these labels. As one can
see, the function (coordinate) x is expressed in meters

inf13)= Plot[xs[t £0] /AU, {t, 0, 1), AxesLlabel » {Style["t, yx
FontSize < 10}]

BaseStyle <+ {FontFamily + "Timaes",

x. AU
Lo

Qutf18]=

-1k

Similarly, one can plot the graph for the y(t) coordinate:

Plot[ya[t t0] /AU, (¢,
BaseStyle + {FontFamily =

v, AU
10}

1.0

0, 1}, AxesLabel - {Style["t
"Timesz",K FontSize = 10})

25x10" 3.0x10°

and the time t in seconds, which are not always
convenient units.

Therefore, to express x in AU and t in years we
normalize x by AU and redefine its argument
accordingly:

", Madium], Style("x, AU",6 Medium]),

tyr

yr", Medium],

Style["y. AU", Medium]},

Evidently, the function x(t) resembles a cosine
function, while y(t) resemble a sine function,
indicating that the Earth trajectory is circular. The
meaning of these curves becomes evident upon
examining Fig. 1, where the coordinates x and y for

circular orbits vary periodically, taking both positive
and negative values. To explicitly demonstrate that
the trajectory is indeed circular, one should plot y as
a function of x. This can be easily achieved in
Mathematica using the “ParametricPlot” command:
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Wit - ParametricPlot[{xa[t 0] /AU, ya[t t0] / AU}, (%,
AU", Medium],

AxesLabel » (Style["x,

y. AU
13

This plot represents the trajectory of the Earth
around the Sun over the course of one year. In
practice, one can choose any planet in the Solar
System and analyze its trajectory. Most planets
follow nearly circular orbits, with only small
deviations from circularity, which are not noticeable
at the scale and time interval considered here. In this
figure, the  “PlotRange” option of the
“ParametericPlot” command specifies the ranges of
the y-axis.

Table|

0, 1}, PlotRange - {-1.5, 1.5},
Style["y, AU", Medium])]

- X, AU

To explore further, let us consider a thought
(gedanken) experiment. Suppose that, similar to the
Earth, we place artificial bodies at the same initial
coordinates but assign them different initial
velocities. What would happen to their trajectories if
their speeds were 0.5, 0.8, 1.0, 1.2, and 1.3 times the
Earth’s orbital speed (29.8 km/s)?

To display different trajectories on the same plot,
we use the “Table” and “Show” commands as
follows:

{ic= (x[0) == AV, y{0) =0, x' (0] =0, y'[0] = 1+v0};
sol « NDSolve[Join{eq, i0], {x[t), y[t])}, (=, 0, 7¢0));

sol[[1)):
sol[1));

xs[t ] =x{%]/

ys(t ] =y(e) /.

ParametricPlot[(xs[t t0] /AU, ys[t t0) /AU), (t, 0, 7),

AxesLabel - {Style["x AU", Medium],
Show([%, PlotRange - All]

v, AU

"T""““'“i"“
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where the index “i” in front of vO corresponds to the
velocity scaling factor, running through 0.5, 0.8, 1.0,
1.2, and 1.3. We kept the initial position of the Earth
fixed, but varied its initial speed as described. The
resulting trajectories explicitly show that for smaller
speeds, the initial position of the artificial bodies
corresponds to the aphelion, while for larger speeds,
the initial position corresponds to the perihelion. In
all cases, the Sun remains fixed and located at one of
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Style("y

™, Medium]}]), {&, {0.5,0.8,1,1.2,1.3}}1;

the foci of the resulting ellipses. Practically, the
“Table” command makes it possible to generate
multiple individual plots simultaneously in a table,
depending on the range of the index “i”, while the
“Show” command superimposes all these plots into a
single figure.

Next, let us now keep initial speed constant and
instead vary initial positionto 0.6,0.8, 1, 1.2 and 1.4
AU for the artificial objects.
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Wr3~ Table[
{ic= {x[0] =isAU, y[0] =0, x'[0] =0, y'[0] = v0};
s0l » NDSolve [Join[eq, ic), (x[z], y[t]}, (=, 0, 7t0}];
xs[t ] =x[t] /. s01[[1]];
ys[t ] =y[t] /. sol[[1]];
ParametricPlot|[{xs[t 0] /AU, ye[t O] / AU}, {t, @, 7},

AxesLabel <+ (Style["x, AU™, Madium],

nz4)« Show(%, PlotRange -+ All]

N

N

Style["y,

N
—

where the index “i”’, now in front of AU, runs through
0.6, 0.8, 1.0, 1.2, and 1.4. We observe that even with
a fixed initial speed, changing the initial position can
significantly alter the resulting trajectories. For orbits
lying inside (outside) the Earth’s trajectory, the initial
position corresponds to the aphelion (perihelion).

These two plots together illustrate Kepler’s First
Law, which states: “The orbit of a planet is an ellipse
with the Sun at one of the two foci.”

J
|

J

|
l

AU", Medium]}]), {i, (0.6, 0.8, 1, 1.2, 1.4}}];

X AU

Next, we select the largest orbit — specifically,
the outmost one with v0=29.8 km/s and initial
coordinates (1.4, 0) AU from “Out [24]”.

The x component of the velocity vy = X’(t) is
plotted in the following graph. This velocity
component takes both positive and negative values,
indicating changes in the direction of motion with
respect to x axis.

nj2s}= Plot[xs ' [t t0] /v0, {t, 0, 7}, AxesLabel » {Style["t, yr", Medium], Style["vx/v0", Medium]},
BaseStyle - {FontFamily - "Times", FontSize - 10}]

vx/v0

06f
04f

02}
Out[25]=

—04[

06}

In the graph below, we plot the y component of the
velocity vy=y’(t). As seen, the maximum speed is
attained at the perihelion (which coincides with the
planet’s initial position), while the minimum speed is

Lotyr

reached at the aphelion. The positive and negative
values indicate the direction of motion with respect to
the y axis.
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neel= Plot[ys ' [t t0] /w0, {t, 0, 7}, AxesLabel + {Style["t, yr", Medium], Style["vy/v0", Medium]},
BaseStyle + {FontFamily &+ "Timess", FontSize + 10}]

/vl
10

08l

0.6

04
Out[z8]=

02

The total speed is calculate as v = (v + v?)'2, as
shown in “Out[27]”. Naturally, the magnitude of the
speed is always non-negative and never zero, with its

L T
?L?

maximum value at the perihelion and its minimum at
the aphelion, as illustrated below

(27 P]o'.[¢(x-'('_ 0] /vD)z + (ya'[tr0) /%0}% , (v, 0, 7}, AxusLabel + {Style["t, yr", Madium], Style["v/v0", Madium]},

BaseStyle » (FontFPamily - "Times", FontSize

v/v)

[XUS

0ok | | ) |

08

~,v,w

Osti2z? o7f

0.6}

ost

In this context, one can numerically verify the
conservation of orbital angular momentum. To this
purpose, we use the standard definition of angular
momentum [1-5]

L =[r x p] = m[r x v] = constant

9)

+ 10), AxeaOrigin - (0, 0.4)]

where p denotes the linear momentum of the test
body. In the equatorial plane (z = 0), the magnitude of
the orbital angular momentum is given by

L =|L] =m (X vy-y vx) = constant.  (10)
If we express L/m using our numerical results, we
obtain

Q8. Plot[xs[: tD]eys ' [t t0] —ys[tt0] exs'[tt0], (t, 0, T}, AxesLabel » {st:yla[":. yr", Medium], Style['!_l".. m /=", Madium“.
BaseStyle -+ (FontPanily » "Tines", FontSize -+ 10), PlotRange -» {6.241205 « 10°®, 6.24124 ¢ 10*%} ]

Lim, nr /s
624124 x 1015

624124 x 104
624123101 |

624123 15

624122 19hE
62412210V |

624121 x 161

From the plot, it is evident that the orbital
angular momentum normalized by the mass of the test
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body remains constant — a conserved physical
guantity, also referred to as an integral of motion. The
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small deviations observed are merely numerical
artifacts and do not affect the physical interpretation
of the problem.

The constancy of the planet’s orbital angular
momentum directly confirms Kepler’s second law
[5]. To further illustrate this, let us recall the
definition of the areal (or sectorial) velocity [9, 10]

dA/dt = [r x v]/2 = L/(2m). (12)

For a conserved orbital angular momentum, and a

given time interval At, this expression can be written
as

AA = L/(2m) At (12)

where AA denotes the area of the sector swept by the

planet during the time interval At. Therefore, Kepler’s

second law - stating: “A line segment joining a planet
and the Sun sweeps out equal areas during equal
intervals of time” is numerically validated through the
constancy of the orbital angular momentum.

Furthermore, one can also numerically verify the
conservation of the total energy of the test body
(planet/particle). To do so, we use the standard
definition of the total energy [11]

E=mv¥2-GmMrr. (13)

The total energy, normalized with respect to the mass
of the test body, can be expressed in terms of the
velocities and coordinates

E/m = (v2+ 212 — G M/(x*+y?)Y2, (14)

and using our numerical results we obtain

- Plo:[((x: ‘[t '_OIJ: « (ys'[t t(ll:") f2- G."’,v"" '\!(X.l!

AxesLabel 4+ [Style["t, yr=,

PlotRange + (-1,8980%5 » 10°, ~1.89606 « 1ob||

Efm, w' f5*

-139805 x 10°
- 189808 » 10¥

-1 39805 x 108 \ g™

0 | 2 3 ] 5 ¢

The resulting plot confirms the constancy of the
total energy. Notably, the energy remains negative,
indicating bound orbits are elliptical. The small
oscillations visible in the plot arise from numerical
artifacts and do not affect the physical interpretation.

In the literature, the conservation of both the
orbital angular momentum and the total energy of the

Mediun), Style:’E m, m°

t£0])? + (ys[tt0])? , (£, 0, 7},

s*", Medi\m] |, Basestyle + [FontPamily + *Tines", FontSize + 10},

test body is commonly used to derive and confirm
Kepler’s third law [12-15]. However, to validate the
third law, we will adopt a slightly different approach
based on our numerical results.

First, by using Eq. (6) and the output from “Out
[24]” we compute the magnitude of the position
vector in AU

In[20]:= Plot[’\{xs[t 012 +ys [t t0]°? / AU, {t, 0, 7}, AxesOrigin > {0, 1.0},

AxesLabel + {Style["t, yr", Medium], Style["r, AU", Medium]},

BaseStyle + {FontFamily =+ "Times",

r, AU

30

o | \

FontSize »+ 10}
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We observe that the radial distance varies over time,
exhibiting both maxima and minima, which can be

determined using the Mathematica commands:
“FindMaximum” and “FindMinimum”

In[31]:=

outpn= {3.27508, {t = 1.78674}}

rmax = rt1[[1]]

Inf32}:=

out[32}= 3-27508

rtl = FindMaximum [‘\/xs[t £0]2 + ys[t £0]2 / Ay, {t, 2}]

In[233]:=

outf33}= {1-4, {t = 3.57348}}

rmin = rt2[[1]]

In[24]:=

Out[34]= 1.4

where rtl and rt2 are simple notations representing
the maximum and minimum values of the radial
distance r (rmax and rmin) along with the
corresponding time interval t (see the previous
graph). The notation “[[]]” is used to select a specific
element from a given list. The length of the semi-
major axis “a” is defined in AU as

n[25)= & = (rmax + rmin) /2

outj3s}= 2-33754

and the orbital period is obtained in years directly
from the graph, and it is contained within the result of
r2

n[Es]= peried = rt2[[2, 1, 2]]

Out[36}= 3.57348

Thus, the ratio of the square of the orbital period
to the cube of the semi-major axis is equal to

];wEu:‘iI:::n::'l.2 / a”

In[37]:=

outja7}= 0.995781

It is important to note that this computation is
performed for the initial conditions “x(0) = i*AU,
y(0) =0, x’(0) =0, y’(0) = v0”, where “i”” was set t0

1.4, corresponding to the outermost orbit from
“Out[24]”.

106

rt2 = FindMin;'unum['\/xs[t 1:0]2 +ys[t tO]z / AU, {t, 3.6}]

Now, let us consider the case when “i = 0.6”. In
order to optimize the computation, we employ the
“Table” command. Note that “i = 0.6 corresponds to
the innermost orbit from “Out[24]”.

Examining Out[24], we observe that the Sun
remains at the coordinate origin, but its position
relative to foci differs for the cases “i =0.6” and
“i = 1.4” cases. This implies, as before, that for the
innermost (outermost) orbit the initial coordinates
correspond to the aphelion (perihelion). Therefore,
special care must be taken when calculating “rt1” and
“rt2”, and orbital period (see “In[38]").

In “Out[38]” we obtain two graphs: the first one
shows the trajectory of the test body, while the second
displays the radial distance r in AU as a function of
time tin years. The final value in the list of “Out[38]”
gives the ratio of the square of the orbital period to
the cube of the semi-major axis, which equals
0.999782, very close to the result obtained in
“Out[37]”.

The slight discrepancy is due to numerical
integration errors. Thus, we have numerically
validated Kepler’s third law, which states: “The
square of a planet's orbital period is proportional to
the cube of the length of the semi-major axis of its
orbit” [13].
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In[38]:= Ta-blE[

{ic = {x[0] =i+AU, y[0] =0, x"[0] =0, y'[0] = w0};

sol = NDSolve[Join[eq, ic], {x[t], v[t]}, {t, O, Tt0}];

x=[t ] =x[t] /. sol[[1]];
ys[t 1 =y[t] /. sol[[1]];

ParametricPlot[{xs[t t0] /AU, y=[t t0] / AU}, {t, 0, 0.5},

AxesLabel + {Style["x, au",

Medium] ,

Style["y, AU", Medium]}],

Plot['\jxs[t 1:.0]2 +ys[t 1:.0]2 / au, {£, 0, 0.5}, AxesOrigin —+ {0, 0.1},

AxesLabel + {Style["t, yxr",

Medium] ,

Style["r, AU", Medium]},

BaseStyle + {FontFamily - "Times", FontSize - 10}] .

rtl :Find[\-[a_)cj_rnuvn['\fxs[t t0]2 +ys[t 1:.0]2 / au, {t, 0.25, 0.35}];

rmax = rtl[[1]];

rt2 :Findb-lin:'unurn['\f'xs[tt(l]z s ys[t t0]2/Au, {t, 0.1, 0.2}];

rmin = rt2[[1]];
a = (rmax + rmin) / 2;

preriod = rti[[2, 1, 2]];

period® /a% }, {1, {0.6}}

v, AU
04

Out[38]=

X AU

Conclusion

In this article, we revisited the classical Kepler
problem, discussed its fundamental characteristics,
and presented its mathematical formulation. We
demonstrated how it can be solved numerically using
Wolfram Mathematica software. The provided code
illustrates the motion of the Earth and artificial
objects in the gravitational field of the Sun. However,
it can be easily adapted to simulate a wide range of
problems, such as the motion of artificial satellites in
Earth’s gravitational field, the dynamics of Jupiter’s
or Saturn’s moons, or even the study of exoplanetary
systems.

The code presented here was developed in
Mathematica 7.0, but it is fully compatible with more
recent versions. A detailed description of the
commands and their usage can be found in textbooks,
online resources, or within the software’s built-in
Help system.

r, AU
0.6 -~ —

NI 7N
e / b /
04 ‘\\ J ] ."‘l

' ., 0.999782}]
03 ‘Il.'\.."'.l . \\\jf
02

tvr
01 02 03 04 05

Through the analyses in this work, we
numerically verified the conservation laws of orbital
angular momentum and total energy for test bodies.
Furthermore, we validated Kepler’s three laws of
planetary motion - results often omitted during
standard lectures and practical classes.

Finally, the material and methodology presented
in this paper can be effectively used in practical or
laboratory  sessions to reinforce theoretical
knowledge acquired during lectures and to perform
numerical experiments. Moreover, these procedures
can serve as an entry point for exploring other
fundamental problems in celestial mechanics and can
inspire further research and academic activities for
students.

We anticipate that the analyses and simulations
presented here, when used alongside traditional
lectures and practical classes, will foster a deeper and
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broader understanding of the underlying physics and
mathematical aspects of the problem under
consideration. Supplementary materials in the form of
codes provide students with greater flexibility,
enabling them to explore a wider range of scenarios
by varying not only the initial conditions but also by
selecting different systems, such as extrasolar
planetary systems on elliptical orbits or individual
objects on parabolic and hyperbolic trajectories. We
therefore expect that such simulations can have high
pedagogical effectiveness because they help students
visualize not obvious and straightforward concepts,
increase engagement, and allow experimentation with
parameters that would be impossible in a traditional
classroom setting.

Finally, it would be of interest to investigate the
motion of various objects in the gravitational field of
deformed central bodies, in analogy with [21-23].
Furthermore, it would be instructive to analyze the
dynamics of charged particles in both uniform and
non-uniform electromagnetic fields, following the
approaches of [24-24]. These problems, however, fall
beyond the scope of the present study and are left for
future works.
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