IRSTI 29.01.07; 29.17.01; 29.05.03

Abishev M.", Toktarbay S., Khassanov M., Abylayeva A.

Al-Farabi Kazakh National University,
Kazakhstan, Almaty,"e-mail: abishevme@mail.ru

PROPAGATION OF A ELECTROMAGNETIC RADIATION IN THE STRONG
MAGNETIC QUADRUPOLE AND GRAVITATIONAL FIELD

In the work, the nonlinear effect of the magnetic quadrupole field on the propagation of
electromagnetic waves in the eikonal approximation of the parametrized post-Maxwell electrodynamics
of the vacuum is calculated. Equations of motion for electromagnetic pulses transmitted in a strong
magnetic field by two normal modes with mutually orthogonal polarization are constructed. The
difference in propagation times of normal waves from the common source of electromagnetic radiation
to the receiver is calculated. It is shown that the front and back parts of any hard radiation pulse due to
the nonlinear electromagnetic influence of the magnetic quadrupole field turn out to be linearly polarized
in mutually perpendicular planes, and the remaining part of the pulse must have elliptical polarization.

Key words: magnetic field, nonlinear electrodynamics, general relativity, polarization, quadrupole,
electromagnetic radiation.
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HOPMaAAbl  MOAAAapMeH  GepiAreH  3AEKTPOMArHWUTTIK  MMMYAbCTEPAIH  KO3FaAbIC TEeHAEyAepi
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KAAFaH OOAIrT SAAMNCTIK NMoAgpur3aumsiFa e 60AaTbiHbl KOPCETIATEH.
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B pabote paccumTaH HeAuHerHbld  3(PMEKT  MaArHUTHOrO  KBAAPYMOABHOrO MOASl  Ha
pacnpocTpaHeHne 3AEKTPOMAarHWUTHbIX BOAH B 3MKOHAAbHOM MPUOAMXKEHWUU MNApaMeTPU30BAHHOM
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4YTO nepeaHne 1 3aAHME 4YacCTu AIOOOro  >KecTkoro MMNYAbCa W3AYYEHUA WN3-3a HEeAUHENHOoro
IAEKTPOMarHnTHOro BO3AENCTBUY  MarHMTHOr O KBAAPYMOAbHOIoO MOA4 OKa3blBalOTCA AMHENHO
MOASPN30BAHHBbIMM BO B3aMMHO MEPNEHAMKYASAPHbIX MAOCKOCTAX, a OCTaBWasgACda 4aCTb MMITYAbCa

AOAKHA UMETb SAAUMNMTUYECKYIO MOAAPKU3alUIO.
KAloueBble cAOBa: MarHmMTHoOe MOAe,

HeAMHenHas

DAEKTPOAMHAMMKA, 0bOwas Teopusi

OTHOCUTEAbHOCTMU, NMOAGPM3aLlna, KBAAPYNOAb, SAEKTPOMarHMTHoe n3AyyeHume.

1. Introduction

According to the ideas of modern theoretical
astrophysics [1-2], neutron stars have magnetic
dipole fields, which on their surface reach values
comparable with quantum electrodynamic induction
B,= 4.41 - 10" Gs. In such fields, the nonlinearity
of electrodynamics in a vacuum must appear,
leading to the appearance of various physical effects
[3-8]. Theoretical studies of such nonlinear
electrodynamic processes use the post-Maxwellian
approximation [9]. In this approximation, the
Lagrangian of the nonlinear electrodynamics of
vacuum is written in the parametrized form:

— ﬁ{yz +&[(m -2m,) 2 +4n,0, ]} ‘%ij'" ;

where J, =F, F"and J, =F,F"F F" are

invariants of the electromagnetic field tensor £

nos

2
=1/ Bq , Th.are postmaxwellian parameters

whose magnitude is different in different theoretical
models of nonlinear electrodynamics of vacuum.

2. The equations of the electromagnetic field

In the Heisenberg-Euler theory, which is a
consequence of quantum electrodynamics, the
numerical values for the parameters n;and 7n, differ
n, = e2/(45mhc) =5.1-107°, N, =
7 e2/(180mhc) = 9.0 - 10>, while in the nonlinear
Born-Infeld electrodynamics they are equal to each
other.

The equations of the electromagnetic field with
have the form:

0
ﬁ{[l + &My — 2n) )L IF™ + 4§ﬂ2kakaFpn}
h=-—2m (1)

c

The second pair of equations of the
electromagnetic  field coincides  with the
corresponding equations of Maxwell's theory:

ISSN 1563-0315

aFkn aElm aka _

dx™m = dxk = o0x" 0.

When studying the laws of propagation for weak
electromagnetic waves in a strong external field F;,
the eikonal equation was used. Calculations have
shown that the propagation of a weak
electromagnetic wave according to the laws of
nonlinear electrodynamics (1) in space-time with a
metric tensor gyand in the presence of an external
electromagnetic field occurs by geodesic of some
effective pseudo-Riemannian space-time. The
metric tensor of this space-time G, depends on the
metric tensor g, the quadratic combination of the
electromagnetic field tensor F,;g"™F,and at n; #
7, it is different for waves of different polarization
(nonlinear electrodynamic birefringence). While for
the first normal wave the tensor G, has the form

1 .
Grfk) = Gnk — MM1§Fnig"" Fonks )

for the second normal wave, having orthogonal
polarization to the polarization of the first wave, the
tensor differs by the second term coefficient:

2 .
Grfk) = Onk — 4n2§Fniglmka' (3)

According to the Lagrange-Charpy theorem, this
means that in order to find the trajectories along
which the momentum of a weak electromagnetic
wave propagates in the external field and determine
the laws of its motion along these trajectories, we
need to solve the equations of isotropic geodesic

motion in the effective space-time with the metric

12).
tensor Gnk :

o+ LLK™KP = 0,GGPK K™ =0, (4)

where I}, are Christoffel symbols of the space-time
with a metric tensor Glfli)or Glflf), depending on j[he
mode being studied, Xis affine parameter, K' =

dx* /dZ is a four-vector tangent to the corresponding
isotropic geodesic.

Recent Contributions to Physics. Ne3 (66). 2018 5



Propagation of a electromagnetic radiation in the strong magnetic quadrupole and gravitational field

3. Quadrupolar magnetic field components

We place the beginning of the Cartesian
coordinate system at the point where the magnetic

B, =

quadrupole is located. Then, the components of the
magnetic induction vector B of this quadrupole in a
spherical coordinate system r,0,¢ will have the
form:

4
—B%{[%\E(l + 300526)] Cosy, — [S\E sinZGcosqb] siny;cosy, +

[3 \Esmcosw] Sin)(lsin)(z}, - [3 \Esinzecosqb] siny1c0sy; + [3\Esin29cos2¢] sinxlsinm}.
5. 1 .
By = i §s1n29 cosy; + /10 %coszecoyb siny;cosy, —

5
- \EsinZBcode) siny;sinys ¢,

BR4

where R is the neutron star radius, B is the magnetic
field at the stellar surface, y1[0,z] and y»[0,27] are
two angles specifying the particular geometry of the
quadrupole magnetic field.

However, for further calculations it is more
convenient for us to use a rectangular Cartesian
coordinate system. Re-designating the constants B,
i and y» in accordance with relations

’ 2 /10
=T 5 Tscos@sinq')sin)(lcosxz — ?sinesinzcj)sin)(lsin)(z ,

By = By/1 + 2co0s?y;,

\/§COSX1
J1+ ZCOSZ)(l'

sinyq

J1+2cos2y,’

cosé =

siné =

we obtain:

Bx:\/EBO {x[r? = 52%]f; + 2z[5x* — r?]f, + x[52% — 3r* + 10y?]f3},

5ByR*y
By—\/; °T {[r? — 522]f; + 10xzf, +

5B, R
B, = ﬂo

where to abbreviate the notation:
f1 = cosé, f, = sinfcosy,, f3 = sinsiny,, at that
ff+RF+f=1

Suppose that an electromagnetic pulse is emitted
from a certain point r = ry= {x,Vs2z} at time ¢ = f.
We assume that at the point r = rs= {x4,)4za4} there is
an electromagnetic radiation detector. We orient the
axes of the Cartesian coordinate system so that the
source and the electromagnetic radiation detector lie

+ [372 — 10x% — 522113},

{z[3r? — 52%]f; + 2x[52% — r?]f, — 5z[x* — y*1f3},

in the XOZ plane, and the Z axis is directed so that the
following conditions are fulfilled: x,= x4 ys=ys=0.
Then ry= {x,,0,z:}, and ra= {x:,0,z4}. As in [19], we
will consider the propagation of pulses of only X-ray
and gamma frequencies, for which the influence of
the magnetosphere of a pulsar and a magnetar can be
neglected.

Let us find out by which rays the electro-
magnetic pulses will propagate from the point r,to

6 Xabapuisl. @usuka cepusicel. Ne3 (66). 2018
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the point ry, and also determine the laws of motion

of electromagnetic pulses along these rays.
We find the components of metric tensors G& 2)
of the effective pseudo-Riemannian space-time (3) -

(4) for the problem under consideration:

12) _ 1,2) _
Gy =1 'GaB =

= =81 + 4112 EBZ(1)] + 411 26Bo (1) By (7).

The vector B of the magnetic quadrupole
entering into these expressions must be taken with
the Maxwellian accuracy.

The equations of geodesics in space-time (2) -
(3), can be written by differentiating not with respect
to the parameter X, but in the coordinate z in
accordance with expression d/dX = K3 d /dz.

4. Calculation of the delay time

Our equations are nonlinear, for which the usual
methods of integration are not applicable. However,
they contain a small parameter & B3. Therefore, we
represent expressions x = x1,(z),y = y1,(z)and
t = t1,(2) in the form of expansions with respect to
this small parameter:

t12(2) = to(2) + 1128BG[t(2) — t(25)],

x12(2) = %0(2) + 11268 [X(2) — X(z,) +

¥1,2(2) = y0(2) +1128B§ [Y(Z) —Y(z,) +

Since the electromagnetic pulse at time ¢ =, was
at the point r = ry, and the ray must pass through the
points r =r,u r = ry, we obtain:

x0(2s) = x0(z4) = x5, ¥0(25) =
= yo(2q4) = 0,t9(z5) = ts.

Then in the Maxwellian approximation we will
have:

dt(z) 2
dz ¢

5R8 (25x2
{BZ + B} =§{ -

20x3
+ S

(z—2z5) [X(zs) _X(Zd)]]
(za—2s) ’

(z —z5) [Y(z) - Y(Za)]]

(Zd - Zs)

d?*to(z) _ d*xo(2) _ d*y,(2)
c = = =0

dz? dz* dz? '
2
2 (dto(2)>2 _ (de<z))2 (@) _ |
dz dz dz
From these equations it follows that:
Z—Zg
to(z) = ts + c ,%0(2) = X5,¥0(2) = 0

We have:

puve [42,(fy — f3) + xs(1 — 2fafs — 5f)] +

Af7

EuEN [z£,(3fs — 5f1) + xs(ff + 9f + 3fifs — 2)] + —8 +

4xg
+m[22f2(2f1 — f3) + xs(4 — 4f1f3 — 15fF = 3fD)1}

where in the approximation under consideration

r= /zz + x2.
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Integrating this find the

dependence of t(z):

equation, Wwe
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t2) =L 2% (5 - £) ~ L+ B (5, - 36) + 2 £(2f — 4f) +

25xs xtz
o2 (1 =5f7 = 2fifs) — 12 — 01— 4815 — 157f; — 34f1f3) +

1= |at (Z)+ZXS+2ZX§+8ZX§+16ZXZ [35 — 182f,f5 + 1932 + 336/2]
s12a7 |41 3r4 " 156 ' 3578 fifs + 1934, f3

For the functions X (z) and Y (z) we obtain the following equations:

d?X(z) 1750R8x$

dz? = 316 {4Zf2(f1_f3)+xs(f12_2f1f3 —4f22+f32)}+
100R8x} , , ,
g (83 10IEDF, % G2Afy = + 1364 = 2570)
100R8

BET > {z(43f; — 13f2)f2 + x5, (2517 — 28f1f3 — T6fF + 5fF)} +

40R
+m{xs(f32 +5fifs — 14f7 + 21fF) — 2(6f1 + f3)f2},
d?Y (z) _
%

Integrating these equations, we find:

8

X(2) =
@) = 30728

{z(1274f,f; — 1596f7 — 245f2 — 2597f2) —

82
t— 10 o (162(13f1 = 7f3)f> + x5 (83f7 — 118f1 f5 — 284f7 + 35f)} +

=6, (fy + 13f3) fodatan (2) + S 4y - f)f, -

36112

8

+ si}gr—s {xs(145F7 + 524fF + 46f1f3 — 287f7) — 1922(fy + 2f3)fo} +

8

5
tToyze UGS+ 228fF — I82fif5 + 37U — 642(fy + 13f5)f} +
S

8
t 084 {xs (2452 — 1274f, f5 + 1596 + 2597f2) — 320z(f, + 13f5)f>} +
S

25R8
+—921 2 {xs (2452 — 1274f, f5 + 1596fF + 2597f2) — 192z(f, + 13£:)f>},
S

Y(z) =0.
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Let us consider the effects of the nonlinear
electrodynamic action of the magnetic quadrupole
field on the electromagnetic wave.

Estimates show that when By~ 10" G the angle
[ can reach several angular seconds. However,
because of the large distance between pulsars and
the Earth, compared with the radii of pulsars, the
angles of non-linear electrodynamic curvature of
rays from the solar system can not be measured.

Further, for n; # 1, because of the nonlinear-
electrodynamic birefringence, each electromagnetic
pulse emitted at the point ro= {g,0,z0}, splits into
two pulses, one of which is carried by the first
normal wave and the other by the second normal
wave having orthogonal polarization. These pulses
move to the receiver along different beams,
spending on this way different time.

We calculate the delay time of the
electromagnetic pulse carried by the first normal
wave, in comparison with the propagation of the
momentum carried by the second normal wave.

At = Bma=nz) §B§R®
3072x7c

x [35 — 182f; f5 + 193f7 + 336f7]

The presence of a non-zero value of Af leads to
the appearance of unusual polarization properties for
an electromagnetic pulse. These properties are a
consequence of the different magnitude of the
propagation velocity of two modes in an external
magnetic field. Indeed, suppose that a pulse of an
arbitrarily polarized hard radiation of finite duration
T. Because of the birefringence of the vacuum, it
splits into two modes, polarized in mutually
perpendicular planes, with the leading edges of these
modes coinciding at the initial instant of time. The
leading edge of the faster mode will arrive at the
hard radiation detector earlier than the leading edge
of the slow mode, which for some time is equal to
At. Therefore, during the time A¢, only the faster
normal pulse mode will pass through the detector
and the detector will detect the linear polarization of
this part of the momentum.

After the time At, the front of the momentum
transferred by another normal mode, the phase of
which differs from the phase of the faster mode on

ISSN 1563-0315

wAt, where o is the frequency of the wave. The
addition of these orthogonally polarized normal
modes in the subsequent time will create in the
detector radiation with elliptical polarization that
will pass through the detector for a time 7 — At.

Quite analogously, the trailing edge of the
faster momentum mode will leave the detector
before the trailing edge of the slow mode.
Therefore, at the back of the hard radiation
momentum duration Az, the polarization will also
be linear, but orthogonal to the linear polarization
of the front of the momentum.

Thus, the detection of the above-mentioned
polarization properties of hard pulses coming from
pulsars makes it possible not only to assert the
manifestation of nonlinear electrodynamics of
vacuum, but also to estimate the magnitude of the
induction of the magnetic field on the surface of the
pulsar from the value of Az,

5. Conclusion

The calculation showed that, according to the
equations of nonlinear electrodynamics of vacuum,
the magnetic quadrupole field bends the rays of
electromagnetic waves and the magnitude of the
angle of this curvature depends on the orientation of
the quadrupole moment with respect to the direction
of propagation of the electromagnetic wave.

The propagation velocities of electromagnetic
pulses at 17y # 1, depend on the polarization of the
electromagnetic wave. If a short pulse is emitted
from the electromagnetic radiation source, then in
the general case it will propagate in the magnetic
quadrupole field in the form of two normal waves
having mutually perpendicular polarization.

In the receiver of electromagnetic radiation,
these pulses will arrive along different beams and at
different instants, as a result of which the recorded
total pulse will have an unusual polarization: the
front and back parts of each pulse of length cA¢ will
be linearly polarized in mutually perpendicular
planes, and the part momentum will be elliptically
polarized. A simple analysis shows that at x;~ R ~
10 km and By~ 10" G the value Az with a favorable
orientation of the quadrupole relative to the z axis of
the Cartesian coordinate system chosen by us, can
reach several tens of nanoseconds.
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