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NON-PERTURBATIVE QUANTIZATION A LA HEISENBERG:
ZERO FLUX TUBE BETWEEN QUARK AND QUARK

Non-Abelian version of field distribution between two positive (negative) charges is considered.
Using a two-equation approximation in the non-perturbative quantization a la Heisenberg, a flux tube
stretched between two quarks (antiquarks) located at +oo is obtained. The dual Meissner effect is
demonstrated by confining of color fields into the tube by a condensate of coset non-Abeian fields. A
special case is considered when the longitudinal electric field produced by a quark located at +oo is
equal and oppositely directed to the field generated by a quark located at —oo that leads to zero total
electric field. We show that applying the two-equation approximation in the non-perturbative
guantization a la Heisenberg for QCD one can obtain the flux tube stretched between quark and quark
(antiquark and antiquark) located at +co with zero longitudinal color electric field. It is shown that all
color electric and magnetic fields are expelled by the scalar field that describes a condensate of coset
non-Abelian fields. This effect is the analog of the Meissner effect in superconductivity for non-Abelian
color fields.

Key words: non-perturbative quantization, quantum chromodynamics, two-equation
approximation, flux tube.

JKyHiwaanes B.A.

STDF3U, an-Dapabu at. Kasak, yATTbIK YHUBEPCUTETI,
AAMaTbl K., KasakcraH, e-mail: v.dzhunushaliev@gmail.com

leiizeHOepr 0oibIHLLIA NEePTYPOATUBTIK eMec KBaHTTay:
KBapK )XoHe KBapK apacblHafbl HOAAIK epicreH aFbIHAbIK TYTiK

Exi oH (Tepic) 3apsiaTap apacbiHAAFbl OPICTIH TapaAyblHbIH aBEAAIK eMeC HYCKacChl KapacTbIpbIAFaH.
l'ensenbepr GoribliHILA NePTypPOATUBTIK EMEC KBAHTTayAarbl €Ki TEHAEYAIH XKybIKTayblH MaiAaAaHbir,
too OpHaAackaH eki KBapKTap (aHTMKBapKTap) apacblHAQ CO3bIAFAaH, aFbIHABIK, TYTIK aAblHAbI. TYCTi
DAEKTPAIK KOHE MarHuTTiK epictep abeAAik emec epicTepAiH coset KOHAEHCATMeH TYTikKe
UTEPAETIHAITIMEH KOPbITbIHABIAQHATBIH, aAbIHFAH WelliMae MericcHep apekTiCiHIH AyaAAbl eKEHAITI
KOPCETIAAI. +00 OpHaAackaH, KBapKTaH (@aHTMKBApKTaH) namaa 60AaTbIH TYCTi GOMABIK, DAEKTPAIK epic,
- 00 OpHaAacKaH KBapKTaH (aHTMKBapKTaH) marMaa GoAaTbiH epicke TeH, Oipak, COA epicke Kapama-
Kapcbl OarblTTaAaTbiH XKEKe >KaFAarbl KapacTbipbiAFaH. [ei3eHbepr GovibiHiLa nepTypbaTmMBTIK emec
KBaHTTayAafbl eKi TEHAEYAIH XKybIKTayblH NaiAaAaHbin, 6ip-6ipiHeH LWEeKCi3 aAblC OpHaAaCKaH, KBapK—
KBapK, HEMeCe aHTMKBapK—aHTMKBAPK XKYNTapbl apacbiHAQ TYCTi TYTIK aAyFa 60AATbIHAbIFbI KOPCETIAAI.
CaHabIK, ecenTeyAepai MamaaAaHbin, TYCTi abeAaik emec epictep, abeaaik emec epictepaiH coset
KOHAEHCATbIMEH CMMaTTanTbIH, KaHAAM Ad Bip CKaAsp epicreH ntepAeTiHairi kepceTiaai. Bya adbdexT
KBAHTTbIK, XPOMOAMHAMMKA YLUIH acKblH OTKi3riwTikte MenccHep 3pdekTiCiHiH AyaAAbl aHaAOrbI
6OAbIN TabbIAAAbI.

Tyiin ce3saep: nepTypbaTMBTIK emec KBaHTTay, KBaHTTbIK, XPOMOAMHaMMKA, €Ki TEeHAEYAIH
XKYbIKTaybl, aFbIHABIK, TYTIK.
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Henepryp6atusHoe kBaHToBaHue no leizeH6epry:
NOTOKOBasi TPy6Ka C HYAEBbIM MOAEM MEXAY KBaPKOM M KBAPKOM

PaccmaTprBaetcs HeabeaeBa Bepcusi PACMPEAEAEHUSI TOAS MEXAY ABYMSI MOAOXKMTEAbHbIMU
(oTpuuateAbHbiMM) 3apsiaamu. Mcrnioab3yst npubAmxeHue ABYX YpaBHEHWI B HenepTypOaTMBHOM
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KBaHTOBaHWM no [ernseHbepry, noAyyeHa noTokoBas TpPyOKa, HATAHYTas MEXAY ABYMsl KBapkamu
(aHTMKBapKamK) pPacroAO>KeHHbIMM Ha oo . [1oKa3aHO, YTO B TMOAYYEHHOM peLUeHUMN WMEeeTCs
AYaAbHbIi 3chhekT MeliccHepa, 3aKAIYAOLWMIACS B TOM, YTO LBETHblE SAEKTPUUYECKN U MarHUTHbIE
MOAS BBITAAKMBAIOTCS B TPYOKY COset KOHAEHCATOM HeabeAeBbIx MoAet. PacCMOTpeH YacTHbIN CAyYan,
KOraa UBETHOE TPOAOABHOE 3AEKTPUMYECKOoe TMOAe, CO3AaBaeMOe  KBApKOM  (AHTMKBAPKOM),
PacrnoAO>KeHHbIM Ha +00 PABHO, HO MPOTMBOMOAOXHO HAMPaBAEHO TaKOMY >Ke MOAIO, CO3AaBaEMOMY
KBApKOM (aHTMKBApPKOM), PACMOAOXEHHbIM Ha -oo. [MoKa3aHO, UTO, WUCMOAb3YS MPUOAMIKEHME ABYX
ypaBHeHUl B HenepTtypOGAaTMBHOM KBaHTOBaHWM Mo [ei3eHbepry, MOXHO TMOAYUYUTb LBETHYIO
MOTOKOBYIO TPYOKYy MEXAY Mapor KBApK—KBapK, WMAM AHTUKBApK—aHTMKBAPK, PaCMOAOXEHHbIMM
6GECKOHEUHO AAAEKO APYr OT Apyra. MCroAb3ysi UMCAeHHble pacuyeTbl MOKa3aHO, YTO LBETHble
HeabeAeBbl MOAS BbITAAKMBAIOTCS HEKUM CKAASIPHbIMM TMOAEM, OMWUCbIBAIOLLMM KOHAEHCAT coset
HeabeAeBbiX MoOAe. ITO 3(hdeKT SBASETCS AyaAbHbIM aHaAorom asddpekta MenccHepa B
CBEPXMPOBOAMMOCTU AAS KBAaHTOBOW XPOMOAMHAMMKM.

KAroueBble caoBa: HenepTyp6aTMBHoe KBAHTOBaAHMWE, KBAHTOBad XPOMOAWMHaMMKa, I"Ipl/l6/\l/l)KeHl/le

ABYX YpPaBHEHWI, NOTOKOBasi TpyOKa.

Introduction

One of unsolved problems in quantum
chromodynamics (QCD) is the problem of field
distribution between quark and antiquark. Similar
problem is easily solved in electrodynamics: the
distribution of electric field between positive and
negative charges can be easily found since
Maxwell’s electrodynamics is a linear theory. In
QCD the problem is that the calculations should be
done for non-perturbatively quantized fields
because Yang-Mills theories are strongly nonlinear
ones. The standard point of view is that in QCD
there is the dual Meissner effect: longitudinal
electric field lines get compressed to a flux tube.

The flux tube field distribution is investigated
within the framework of lattice QCD. In Ref. [1], the
Abelian color flux of two- and three-quark systems
in the maximally Abelian gauge in lattice QCD with
dynamical fermions is investigated. In Refs. [2] and
[3], the non-Abelian dual Meissner effect in the
SUB3) Yang-Mills theory is investigated by
measuring the chromoelectric flux created by an
quark-antiquark  source. Lattice calculations
strongly support the idea of the dual Meissner effect
in QCD. However, for a more complete
understanding of the nature of confinement, it is
necessary to have at least approximate analytical
calculations confirming this point of view.

In Ref. [4], we have shown that applying the
non-perturbative quantization a la Heisenberg for
QCD and using the two-equation approximation, a
solution describing the flux tube between quark and
antiquark located at oo can be obtained. The
solution is characterized by a longitudinal color

where
(mZ)abuv — _gZ [faDCprq Granv
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electric field directed from quark to antiquark. All
fields in this solution are expelled by a condensate
of coset gauge fields into the flux tube. This is a non-
Abelian version of the field distribution between
positive and negative charges in Maxwell’s
electrodynamics. Here we want to consider a non-
Abelian version of the field distribution between
charges with the same sign in Maxwell’s
electrodynamics. We expect that in this case we will
have two longitudinal electric fields directed
oppositely. We will consider some special case
when these fields are the same that leads to zero
longitudinal color electric field in the flux tube.

The main idea

In Ref.[4] we have shown that in the two-
equation approximation for QCD one can obtain an
infinite flux tube filled with a longitudinal colour
electric field and stretched between quark/antiquark
located at +oco. Here we want to show that within
this approximation it is possible to obtain an infinite
flux tube filled with two longitudinal colour electric
fields directed oppositely.

We start with the two-equation approximation
obtained in Ref. [4] and applied for the flux tube
with one color longitudinal electric field. The set of
equations describing such a situation is

D, F — [(m?)@0r — (u2)@0rv]4b = 0, (1)

¢ — (m3)""" a24bg — Ap(M? — ¢?) = 0,(2)

_ famnfbnp(nquZZP a Gmpvu)]’ (3)
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2yabuv — __ 42( fabc fcde ~deuv uv radc £cbe nde a aec fcdb rredvu
1) gA(febefetegaeny 4 phv fadcfebeGie @ 4 faccfeabgedviy), “
abuv GMPHY _ m,Gmpa
()™ = g>fomm o e (5)
2-point Green functions for the gauge fields (Am#> = 0. 9)

é‘Aﬁ €SU(2)xU(1) and for the coset AL" €
SU3)/(SU(2) x U(1)) are defined as

GV (y, x) = (AT ()A™ (x)), (6)
GV (y, x) = (§A (y)S A (x)), (7
where Ff, = 0,A% — 0,A} + gfPcALAS is the

field strength; a,b,c,d = either 1,2,3 or 2,5,7
are the SU(2) colour indices; m,n = either
4,5,--,8 or 1,3,4,6,8; g is the coupling constant;
fABC are the structure constants for the SU(3)
gauge group; A4,B,C = 1,2,---,8. The equation (1)
describes SU(2) € SU(3) degrees of freedom that
have non-zero expectation values, and equation (2)
describes coset SU(3)/SU(2) degrees of freedom
with zero expectation values:

Ao = (A 1 isAak, (®)

E;"(p) =

Ey*(p) = By’

v'(p)
H;,S(p) — S(ppZFZ'S pzZ — _ :
9
Hy?(p) = eppF 207 = =28, (15)

where
3,7\ _ 12425 _ fv 3,7\ _ 125,12 _ wu
(E;7), = Ac*A; —;,(EZ ), =AA7 = ——.

For simplicity, we consider the case with
w=f,u=nw.

(16)

In both cases we have the following set of
equations (for details see Appendix 4)

~f"=Lmierf =2, (7)

We seek a cylindrically symmetric solution of
equations (1) and (2) in the subgroup SU(2) €
SU(3) spanned on either A%%3 or A7 in the
form

At (p) = %.A?Z(p) = % (10)
AP =P AE () =2 (D
$(p) = 2. (12)

Here the first superscript indices are for A123

and the second ones — for 2>>7. We work in a
cylindrical coordinate system z,p,¢ and the
corresponding colour electric and magnetic fields
are then

= (B27), - (827), =20 (9

= L0 25 () = F2F = -2, (14
v’ — v; +m2¢p2v = p?v, (18)

¢ +Z = pla(—f2 +v)) + (g2 - M. (19)

We see that equations (17) and (18) are
Schrédinger-type equations with a solution v(p) =
kf(p), where k is a constant, ¢ is the potential
and p is an eigenvalue. In this case we can rewrite
the set of equations (17)-(19) as follows

~f" =L+ =i, (20)

¢>"+ “= plaf? + A(¢? - M2)]. 21

Here a = @(k? — 1) and it can be an arbitrary
real number; we redefined me/f(0) - ¢, A/
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m? >4, mM->M, f/f(0)>f, x=pf(0).
Numerical investigation shows that regular solution
to (20) and (21) does exist only for some positive
a > 0. It is necessary to note that because of (16)
the total longitudinal electric field E3'7 =0, and
this leads to the fact that equations (17), (18), and
(20) do not have non-linear terms like fv?2.

The results of numerical calculations are
presented in Figs. 1 and 2. We see that we have the
dual Meissner effect: the longitudinal electric fields
(EZ3 ’7)1 and (EZ3 ’7)2 are confined into a tube by the

scalar field ¢ (which is a condensate of the coset
fields).
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Figure 1 — The profile of the functions f(p), $(p)
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Figure 2 — The profiles of electric and magnetic fields
9E*(p) = 9E;°(p) = ~f'(p), gHg" (p) = gHy* (p) =
—f'(0), 9(E37), = —9(E37), = f2(p)

Discussion and conclusions

We have shown that applying the two-equation
approximation in the non-perturbative quantization
a la Heisenberg for QCD one can obtain the flux
tube stretched between quark and quark (antiquark
and antiquark) located at Z4oo with zero
longitudinal color electric field. It is shown that all
color electric and magnetic fields are expelled by the
scalar field that describes a condensate of coset non-
Abelian fields. This effect is the analog of the
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Meissner effect in superconductivity for non-
Abelian color fields.
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Appendix

Coefficients of equations (17)-(19)

SU(2) subgroup spanned on A123

We use the following Ansdtze for the 2-point
Green functions G*PHY

Gab;u/(y’ x) ~ APBEBY a b =1,2,3; (22)
CMIUY 6mncﬂﬂcﬂv¢2,m:n =4,5,6,7, (23)
where B, B* and A, A* are constants and

Aab = diag(51: 62: 63; 0'010’0’0)’ (24)
6mn — dlag(olo,o’ A4, As, AG' A7; 0): (25)

A

Ho= £
ar = (00,4,,%), (26)
B = (00,B,,22). (27)

P’ p

We choose B¥* and A* in such form because
Ay, from (10) and (11) are non-zero: A;, # 0.
Substitution of (24)-(27) in (22) and (23) gives us
[for u(p) = v(p),w(p) = f(pP)]:

ui = g*(BZ + BZ) (6, + 683), (28)
15 = g*(BZ + BZ) (6, + 63), (29)

m? =2 g2(A2 + A2 )(By + Bs + A + Ay)¢, (30)

2
(m3)"*agab =2 (f2-v». (1)
We set 6, = §; and then
U3 = pd. (32)
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SU(2) subgroup spanned on A%57

Similar construction can be done for the SU(2)
group spanned on 1257 :

B+ = (0,0, Bp,%“’). (36)

Substitution of (33)-(36) in (22) and (23) gives us
AGb — diag(O, 62, 0,0, 55, 0, 57, 0), (33) [for u(p) = U(p),W(p) = f(p)]

™" = diag(A,,0,A3,A,,0,A,0,4),  (34) ui = ‘Z—Z (BZ +B2)(85 + 67), (37)
At = (0,0,4,,72), (35) B =L (B2 +B2)(6,+6,),  (9)

m? =2 g2(AZ + AL)(4h + 4h3 + Ay + Ag), (39)

m3 =2 g2(A2 + AL)(By + Ay + 40, + Ag + 30g), (40)

(my) ™ a3 = G ey U =) )

We set 85 =06, and 4A; +4A; + A, + Ay = Uz = pz,mé =mi. (42)
A + Az + 40, + Ag + 3Ag and then
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