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NONLINEAR EQUATION OF QUARK-GLUON CASCADE

On the basis of experimental data on the structural functions of hadrons using the method of
Poincare sections we introduce the nonlinear equation of quark-gluon cascade via recurrence relation
taking into account merge processes of quarks and gluons. Introduced a discrete map is based on the
hypothesis of self-similarity of the evolution of the quark-gluon structure of hadron and the evolution
operator are the distribution of quarks and gluons. It is speculated that stochastic quantum fluctuations
in strongly correlated quark-gluon system describes the so-called deterministic chaotic dynamics.
Carried out fractal analysis of emerging structures (attractors), which stability is determined by
Lyapunov exponents. The formation of stable structures in nonlinear quark-gluon evolution,
apparently, is connected with the mechanism of hadronization.

Key words: quark, gluon, chromodynamics, nonlinear quantum evolution, stochasticity, fractal,
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KBapK-TAOOHAbI KACKAATbIH, 6eHCbI3bIK, TEHARYI

AAPOHHbIH KYPbIAbIMABIK, (PYHKUMSCHI GOMbIHILA TOXIPUOEAIK MOAIMETTEPAEH KBapK-TAIOOHAbI
COMKeCTEeHAIPY MPOLECiH ecKkepin, peKyppeHTTi KaTblHaC apkKpblAbl [TyaHkape KMMachl 8AICIH KOAAAHA
OTbIPbIN KBAPK-TAKOOHABI KACKAATbIH, CbI3bIKThbl EMEC TEHAEYIH eHri3eMi3. EHrisiAreH AMCKpeTTi KepiHic
AAPOH KBap-TAIOOHABI KYPBIABIMBIHbIH, ©3-63iHe YKCaC 3BOAIOLMS TMMNOTe3acbiHA HEri3AEATeH XKaHe Ae
3BOAIOLMS  OMepaTtopbl  KBAapKTap MEH TFAIOOHAAPAbIH  YAECTIpiAyi  60Abin  Tabbirasbl.  KywwTi
KaTblHaCTaFbl KBapK-TAIOOHABI >KYMeAe KBaHTTbl CTOXACTMKAABIK, (PAYKTyaLMsi AETEPMUHAI XaoCTbl
AVHaMMKaMEH cumaTtTarasbl aer 6oAxay Kyprisiaeai. [arnaa 6oAaTbiH KypblAbIMAAPFaA (aTTpakTop-
Aapfa) ppakTaAAbl TaApdy >KYPri3iAAi, S9FHM OHbIH OPHbIKTbIAbIFbI ASMYHOB KepceTKiluTepiMeH
aHblkTaAaAbl. CbI3bIKTbl €MeC KBapK-TAIOOHAbI 3BOAIOLMSIAQ OPHBIKTbl KYPbIAbIMHbIH KAAbINTaCYybl
AAPOHAAAY MEXaHM3MIMEH 6aNAAHBICTbI GOAYbI MYMKIH.

TyiiiH ce3aep: KBapK, XPOMOAMHAMMKA, CbI3bIKTbl eMeC KBaHTTbl 3BOAIOLMS, CTOXAaCTMKAABIK,
ppakTan, ©3iyKCaCTbIK,

Temupaanes A.T.", Aebeaes N.A.", AaHAabiOaeBa A.K.2

'Dusnko-TexHnuecknm akyabTeT, r. Aamarbl, KasaxcraH
2KazaxcKmi HaUuMOHaAbHbI yHUBEpPCUTET MM. aab-(Dapabu, r. AamaTbl, KasaxcraH
“e-mail: danlybaevaa@gmail.com

HeAnHelHOe ypaBHeHHe KBApK-TAFOOHHOIO KackaAa

Mcxoas M3 aKkCnepuMeHTaAbHbIX AQHHBIX MO CTPYKTYPHbIM (DYHKLIMAM aAPOHA, UCMOAb3YS METOA
ceyeHnn [lyaHkape Mbl BBOAVMM HEAMHEMHOE YypaBHEHWE KBAapK-TAIOOHHOIO Kackapa 4epes
PEKYPPEHTHbIE COOTHOLLIEHUS C YYETOM MPOLECCOB KBAapPK-FAKOOHHbIX CAMSIHUMA. BBEeAEHHOE AMCKpeT-
Hoe OTOOpakeHMe OCHOBAHO Ha IMMOTE3e CaMO-TMOAOOUSI 3BOAIOLIMM KBAPK-TAIOOHHOM CTPYKTYpbI
aApPOHa M OMepaTopoM 3BOAIOLIMK SBASIIOTCS pacripeAeAeHns KBapkoB M FAIOOHOB. [TpeanoAoraercs,
YTO KBAHTOBble CTOXaCTMUeckue (PAYKTyaLnu B CUAbHO KOPPEAMPOBAHHOM KBAPK-TAIOOHHOM CUCTeMe
OMUCHIBAIOTCS  TaK Ha3blBaeMOM AETEPMUMHMPOBAHHOM  XaoTWMYeCcKon AuHamukon. [lpoBeaéH
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Nonlinear equation of quark-gluon cascade

(hpPaKTaAbHbIM aHAAM3 BO3HMKAIOWMX CTPYKTYP (QTTPAKTOPOB), YCTOMUMBOCTb KOTOPbIX ONPeAEAsSeTcs
nokasateasmm AsinyHoBa. (PopMupoBaHWe YCTOMUMBBIX CTPYKTYP B HEAMHENHOM KBapK-TAKOOHHOM
3BOAIOLMN, NMO-BUANMMOMY, CBSA3AHO MEXaHM3MOM aAPOHU3ALINN.

KAloueBble cAOBa: KBapK, XPOMOAMHAMMKA, HEAMHEMHAs KBAHTOBAS 3BOAIOLMS, CTOXAaCTUYHOCTD,

dpakTa, camo-nopobue.

Introduction

Consideration of the contribution to the quark-
gluon distribution of bremsstrahlung of gluons
leads to a violation of Bjorken’s scaling and is
determined by known linear evolution equations:
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) [1-3], Balitsky-Fadin-Kuraev-Lipatov
(BFKL) [4-5] and Gribov-Levin-Ryskin-Mueller-
Qiu (GLR-MQ) [6-7]. Proposed many ways to the
modeling of evolution equations with non-
perturbative nonlinearities, considering the gluon
recombination. In addition to the gluon splitting
functions, the nonlinear gluon recombination
processes become important. The action Yang-
Mills (Y-M) [8] already contains cubic and quartic
nonlinear interaction terms in the field strength
tensor:
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As is known, problems arise in the
mathematical method of describing quantum

distances, when
decomposition in

chromodynamics at large
perturbation theory for the

a,(Q%)is not applicable. Opportunities for the

formation of regular structures associated with the
effective competition of different types of
interactions: mergers and splittings of quarks and
gluons. Under the influence of the quantum
fluctuations of the amplitudes of the processes
there are structures which have some scale with
complex self-organization. Consideration of the
contribution to the quark-gluon distribution of
gluons bremsstrahlung leads to a violation of
Bjorken’s scaling and it is determined by known
linear evolution equations. There are different
approaches to accounting for mergers with non-
perturbative  nonlinearities at the  gluon
recombination.

In quantum physics the processes are
probabilistic in nature. According to the Feynman
integrals [9]: the amplitude of the transition
probabilities from one state to another is the sum of
the amplitudes of all possible trajectories and is
written as a functional integral:

iS(x)

,/,:je " Dx(r) )

where h is the Planck constant, the action S(x) is an
J- Dx(t)is a

conditional entry functional integration over all
trajectories x(t). Rapid oscillations in the imaginary
exponent is reduced and there are only trajectories
with minimal action. According to the ideas of R.
Feynman, in the quantum world it is possible to
speak about well-defined trajectories, only the
particle does not move along the one selected
trajectory, and the infinite totality. Particle can
move along any trajectory and amplitude of this
trajectory in response will be included with a
certain weight. There are different approaches to
accounting for mergers with non-perturbative
nonlinearities at the gluon recombination.

operator of quantum evolution.

Nonlinear quark-gluon cascade

Considering the evolution as a discrete
quantum process we use the mathematical
apparatus of mappings within the framework of
nonlinear dynamics theory. In the spirit of
Feynman’s path integrals we propose [10-11] a
nonlinear stochastic equation in the form of the
evolution of nucleon structure function Fa(x,Q?),
which represents the evolution nonlinear operator
showing the distribution in the momentum

representation:
ox -
—=R-F(x,t 3)
Py (X,1)
Using the method of Poincare sections

(choosing the share of momentum as a one-
dimensional section of the phase space of partons
momentum distribution) we have an evolution
equation

Xy = R- ﬁ(xt) 4)

Here Bjorken’s/Feynman’s variable x¢ is the
momentum fraction at discrete time index
(t=0,1,2...) and R is the control parameter that
characterizes the degree of coupling embossed
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parton with the totality of the remaining partons in

the nucleon at the certain energy \/E and
determines the character of observing regimes. To
switch to continuous time allows the build, known
as the Poincare section. In the framework of our
quality approach we use the renormalization-group
approach to the evolution equation, allowing to
recreate a physical picture of the critical behavior.
So for the quark-gluon cascade, we enter an iterative
map in which a number of the quarks and gluons in
(t+1)-th generation are proportional to the number of
them in t-th generation. The number of partons are
changing, but remains on total momenta. Thus, the
probability to find a parton with a fraction of
momentum x at time t+1 is defined by the impulse
distribution of partons in the time t. Positive terms
of hadron structure function meet the increasing of
the quarks (q) and gluons (g) number at cascade:
g —>q+g and g > g+ g and negative terms is
the reduction, i.e. quark-antiquark, quark-gluon and
gluon-gluon recombination. Using the method of
Poincare sections (choosing the share of momentum
as a one-dimensional section of the phase space of
partons momentum distribution) and considering
that the evolution operator is determined by hadron
structure functions (F2), we use a one-dimensional
map.

Numerical solution of the nonlinear equation

Numerical solution of the nonlinear equation
has shown the existence of an evolution
termination in the field of small values of
parameter. Small perturbations do not change the
Q-G condition (R<<1). The increase in R leads at
first only to the excitation stable state. With further
increase of the parameter occur repeated
bifurcation  (splitting) of  period-doubling
calculations of the quarks phase trajectories have
shown the presence of the chaotic dynamics at
R>>0 as a consequence of bifurcations. The scale
of successive splittings of elements of limit cycles
after each bifurcation is determined by

Yt 57 l -1

-5
0 50 100 150 200
t

a=Lim[x, —x,]/[x,,, —x,1=2.5, (5

m+1
where X is the element of a limit cycle nearest to
the element cycle X,. In a state of dynamic chaos
two close orbits in phase space diverge

exponentially with time with Lyapunov’s
coefficient in the exponent

1
A=—1 , 6
- n|u (6)

which in a computer simulation, is calculated using
parallel running of two close initial conditions and
examines their divergence. By computer simulation
the studies of the formation of stable structures in
quark-gluon cascade, including recombination
processes. The nature of stability of fixed points
(cycles) and the type of bifurcations of mappings
are determined by their multipliers. In turn,
multipliers are the own numbers of the Jacobian
matrix perturbations. The maximum value x;,q is

found from % = (. The Jacobian is
t

dxH—l
dx,

J = (7)

and the map is stable at a point xo if J(xo)<l. When
the coupling constant 05(Q?) is small, the evolution
is incoherent, if the relationship is strong enough
that can occur spontaneous synchronization quark-
gluon movements. Dynamic quark-gluon systems
are highly sensitive to the initial conditions. The
calculation of the Lyapunov exponent for
stationary periodic and chaotic processes is
represented in Fig.1. In Fig.2 the lack of influence
of small perturbations at small values of the control
parameter R, the transition to the stationary mode
at R=0.7, the bifurcation of the fixed point attractor
at R=0.8 and the transition Q-G system into a
chaotic regime at R=1.

-2l
0 50 100 150 200
t

Figure 1 — Calculations of trajectories to compute the Lyapunov exponent y=In(dv/€)
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Figure 2 — Q-G evolution at different values of R

Fractal analysis

The structure of the bifurcation diagrams in
Fig.3 display of SF self-similar and thus, the
chaotic system has inherent properties of fractals.

Figure 3 — Self-similarity of the bifurcation diagrams

Fractal analysis of structure functions Sp
carried out the averaging over all k values, as
defined as

K=2"

and is shown in Fig.4.

0221~

Slll 0.18F
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0

Figure 4 — Fractal analysis
of the structural features of signal Sm

Isolated "Windows"

The presence of "voids" in the bifurcation
diagram indicates the presence of "hadron-like
phase", which is clearly seen in Fig.5

0.94 0.96 0.98
R;

Figure 5 — The presence of "voids"
in the bifurcation diagram

The controlling parameter is the energy of the
collisions, the change of which leads to splitting of
the phase trajectories. The exponential growth of
the average multiplicity with increasing collision
energy is in good agreement with the experimental
data. The dependence of the control parameter R of

the collision energy Js (GeV), parameterized in
the form:

\ =Rw—ﬁ )

For each value of RE[0.2;R ] there is only one
stable limit 2"-cycle on the unit interval [0;1] and
position of each element of the cycle can be
calculated with a given accuracy. For energy

(\/E ), in this event can be calculated the value of

Ry and the corresponding 2" cycle. The distribution
of secondary particles in the momentum phase
space is the images of distribution of elements of 2"
limit cycles to the unit interval. The rate of
convergence of the control parameter is similar to
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the Feigenbaum parameter for the multifractal of Conclusion
the known logistic mapping:
R —R There are nonperturbative effects associated

S=—m1" " 146
R,,—R

In Fig. 6 shows the reconstructed attractor.

with initial transverse momenta of partons inside
the hadron and there are always fatal even quantum
zero fluctuations. It is possible that a steady
—T—T— structure formation in nonlinear quark-gluon

n+2  Tha4l

08k - evolution is a mechanism of hadronization. Arising
06k i in the quark-gluon cascade the strange attractor
b i with a fractal self-similar structure display a new
ook | nonlinear phenomenon in the hadron physics is
' o deterministic chaotic dynamics. Self-similarity is
% 02 04 06 08 1 related to the so-called power-law dependence on

X parameters. Dynamic quark-gluon systems are

. . highly sensitive to the initial conditions.
Figure 6 — Reconstruction of the attractor
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