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In the present work we analyze the g-essence model for the particular Lagrangian: 
( )[ ]ψψεα ,2 VYXRL n −++= . The g-essence models were proposed recently as an alternative and as a 

generalization to the scalar k-essence. We have presented the 3 types solutions of the g-essence model. We 
reconstructed the corresponding potentials and the dynamics of the scalar and fermionic fields according the 
evolution of the scale factor. The obtained results show that the g-essence model can describes the deceler-
ated and accelerated expansion phases of the universe. 
 

During last years theories described by the action with the non-canonical kinetic terms, k-
essence, attracted a considerable interest. Such theories were first studied in the context of k-
inflation [3], and then the k-essence models were suggested as dynamical dark energy for solving 
the cosmic coincidence problem [4]-[6]. 

In the recent years several approaches were made to explain the accelerated expansion by 
choosing fermionic fields as the gravitational sources of energy (see e.g. refs. [9]-[29]). In particu-
lar, it was shown that the fermionic field plays very important role in: i) isotropization of initially 
anisotropic spacetime; ii) formation of singularity free cosmological solutions; iii) explaining 
latetime acceleration. Quite recently, the fermionic counterpart of the scalar k-essence was pre-
sented in [12] and called for short f-essence. A dark energy model, so-called g-essence, has been 
proposed in [12] which is the more general essence model. In the present work, we construct the 
some cosmological solutions of the g-essence for the Lagrangian: ( )[ ]ψψεα ,2 VYXRL n −++= . 
The formulation of the gravity-fermionic theory has been discussed in detail elsewhere [30]-[33]., 
so we will only present the result here. 

Let us consider the M34 - model. It has the following action [12] 
( )[ ]∫ +−= ψψφ ,,,,24 YXKRgxdS ,    (1) 

where K  is some function of its arguments, φ  is a scalar function, ( )T4321 ,,, ψψψψψ =  is a fer-
mionic function and 0γψψ +=  is its adjoint function. Here  

( )[ ]ψψψψφφ µ
µµ

µ
µµ

µν Γ−Γ=∇∇= DDiYgX 5,0,5,0   (2) 
are the canonical kinetic terms for the scalar and fermionic fields, respectively. µ∇ and µD  are the 
covariant derivatives. The model (1) admits important two reductions: k-essence and f-essence (see 
below). In this sense, it is the more general essence model and in [12] it was called g-essence. 

The variation of the action (1) with respect to µνg  gives us the following energy-momentum 
tensor for the g-essence fields: 

[ ]ψψψψφφ
δ
δ

νµνµνµ
µν

µν )()(5,02
Γ−Γ+∇∇=

−
≡ DDiKK

g
S

g
T YX    

µννµνµµν KguYuKuXuKKg YX −+=− 22112 ,  (3) 

where ,XKK X ∂∂=  ,YKKY ∂∂=  Xu 21 φµµ ∇=  etc. The equation of motion for the scalar 
field φ  is obtained by variation of the action (1) with respect to φ , 

( ) φφνµ
νµµν φφφ

δφ
δ KXKKgKS

g XXXX −+∇∇∇∇+=
−

− 21 . (4) 

Varying the action (1) with respect to µνg  we get the Einstein equations 
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05,02
=−−=

−
− µνµνµνµνδ

δ TRgR
g
S

g
,    (5) 

where µνR  is the Ricci tensor. Similarly, from the Euler-Lagrange equations applied to the Lagran-
gian density K  we can obtain the Dirac equations for the fermionic field ψ  and its adjoint ψ  cou-
pled to the gravitational and scalar fields. 

With the general formalism described above, we are now interested to investigate cosmology. 
We now consider the dynamics of the homogeneous, isotropic and flat FRW universe filled with g-
essence. In this case, the background line element reads 

( )22222 dzdydxadtds ++−=     (6) 
and the vierbein is chosen to be 

( ) ( ) ( ) ( )aaadiageaaadiage a
a ,,,1,1,1,1,1 == µ
µ .    (7) 

In the case of the FRW metric (6), the equations corresponding to the action (1) look like [12] 
03 2 =− ρH ,       (8) 

032 2 =++ pHH& ,      (9) 
( ) 03 =−++ φφφ KHKKK XXX

&&&& ,    (10) 

( ) 035,0 0 =−++ ψγψψ KiKHKK YYY
&& ,    (11) 

( ) 035,0 0 =−++ γψψ ψiKKHKK YYY
&& ,    (12) 

( ) 03 =++ pH ρρ& ,      (13) 
where the kinetic terms, the energy density and the pressure take the form 

( )ψγψψγψφ 002 5,0,5,0 &&& −== iYX     (14) 
and 

KpKYKXK YX =−+= ,2ρ .    (15) 
Note that the equations of the M34 - model (8)-(13) can be rewritten as 

03 2 =− ρH ,      (16) 
032 2 =++ pHH& ,      (17) 

( ) 033 =− φφ KaKa tX
& ,     (18) 

( ) ( ) 02 023 =− jtjY iKKa ψγψ ψ ,    (19) 

( ) ( ) 02 02*3 =+ jtjY iKKa γψψ ψ ,    (20) 

( ) 03 =++ pH ρρ& .      (21) 
Finally we present the following useful formula 

( ) ( )ψψψγψψγψ ψψ KKiKYK YY +−=−= 5,05,0 00 &&   (22) 
and the equation for ψψ=u : 

( )[ ] ( )ψγγψ ψψ
0013ln KKiKuKua YtY −−= − .    (23) 

Let us consider the purely kinetic case of the M34 - model that is when ( )YXKK ,= . In this 
case, the system (8)-(13) becomes 

03 2 =− ρH ,       (24) 
032 2 =++ pHH& ,      (25) 

03 =−σφ&XKa ,      (26) 
023 =− jjYKa ςψ ,      (27) 

0*2*3 =− jjYKa ςψ ,      (28) 
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( ) 03 =++ pH ρρ& ,      (29) 
where ( )ςσ  is the real (complex) constant. Hence we immediately get the solutions of the Klein- 
Gordon and Dirac equations, respectively, as 

∫ ==
Y

j
j

X KaKa
dt

33 ,
ς

ψσφ .    (30) 

Also the following useful formula takes place 

Xa
Kor

Ka
X X

X 2
5,0

326

2 σσ
== .    (31) 

It is interesting to note that for the purely kinetic g-essence the solutions of the Klein-Gordon and 
Dirac equations are related by the formula 

21
jj ψσςφ −=& .      (32) 

Let us conclude this section as: for the purely kinetic case ( )YXKK ,=  from (22) follows that 
0=Y  so that in fact we have ( ) ( ) ( )XKXKYXKK === 0,, . So we will go further, having 

passed by this case. 
Let us now we consider the following particular case of the M34 - model (1):  

( )φ,11 XKKK ==      (33) 
that corresponds to k-essence. Then the system (8)-(13) takes the form of the equations of k-essence 
(see e.g. [3]-[6]) 

03 2 =− kH ρ ,      (34) 
032 2 =++ kpHH& ,      (35) 

( ) 03 1111 =−++ φφφ KHKKK XXX
&&&& ,     (36) 

( ) 03 =++ kkk pH ρρ& ,     (37) 
where the energy density and the pressure are given by 

111 ,2 KpKXK kXk =−=ρ .    (38) 
As is well-known, the energy-momentum tensor for the k-essence field has the  

( ) µννµµννµµννµµν ρφφ gpuupKguXuKKgKT kkkXX −+=−=−∇∇= 11112 . (39) 
It is interesting to note that in the case of the FRW metric (6), purely kinetic k-essence and 

F(T) - gravity (modified teleparallel gravity) are eqivalent to each other, if 12
0φφ−

±
= ea  [7]-[8]. 

Now we consider the following reduction of the M34 - model (1): 
( )ψψ ,,22 YKKK ==      (40) 

that corresponds to the M33 - model that is the f-essence [12]. The energy-momentum tensor for 
the f-essence field has the form 

[ ]
( ) µννµµννµ

µννµνµ
µν

µν

ρ

ψψψψ
δ
δ

gpuupKguYuK

KgDDiK
g
S

g
T

fffY

Y

−+=−=

=−Γ−Γ=
−

≡

1111

)()(5,02
.  (41) 

For the FRW metric (6), the equations of the f-essence become [12] 
03 2 =− fH ρ ,     (42) 

032 2 =++ fpHH& ,      (43) 

( ) 035,0 2
0

222 =−++ ψγψψ KiKHKK YYY
&& ,    (44) 

( ) 035,0 0
2222 =−++ γψψ ψiKKHKK YYY

&& ,    (45) 
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( ) 03 =++ fff pH ρρ& ,     (46) 
where 

222 , KpKYK fYf =−=ρ .     (47) 
Let us we present some solution of the g-essence (1). To do it, we consider the case 

( ) ( )ψψεαψψ ,,,, VYXYXKK n −+== .    (48) 
Then the system (8)-(13) takes the form 

03 2 =− fH ρ ,      (49) 

032 2 =++ fpHH& ,      (50) 

( )( )[ ] 0ln13 =−++ φφ &&&
tXnH ,     (51) 

05,1 01 =++ −
ψγεψψ ViH& ,     (52) 

05,1 01 =−+ − γεψψ ψViH& ,     (53) 
( ) 03 =++ fff pH ρρ& ,     (54) 

where 
( ) VYXpVXn nn −+=+−= εααρ ,12 .    (55) 

It has the following solution 

12
622

2

2
−= n

an
X

α
σ ,      (56) 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−=

−
−

12

622

2
1

2
2

n
n

an
nHY

α
σαε & ,     (57) 

( )
12

622

2
2

2
123

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=

n
n

an
nHV

α
σα ,    (58) 

232 HHK −−= & .      (59) 
Now we would like to present some explicit solutions. Consider examples. 
i) As the second example we consider the solution 

[ ]taa m βsinh0= .     (60) 
In this case, we have 

[ ] [ ] [ ]ta
cutmHtmH m βε

ββββ 33
0

22

sinh
,sinh,coth === −&   (61) 

and 

[ ]
12

66
0

22

2

sinh2
−= n

m tan
X

βα
σ ,      (62) 

[ ] [ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−=

−
−−

12

66
0

22

2
221

sinh2
sinh2

n
n

m tan
ntmY

βα
σαββε ,  (63) 

[ ] ( ) [ ]
12

66
0

22

2
222

sinh2
12coth3

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=

n
n

m tan
ntmV

βα
σαββ ,   (64) 

[ ] [ ]tmtmK ββββ 2222 coth3sinh2 −−= − .    (65) 
So finally we get the followinge solutions of the g-essence: 
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[ ]taa m βsinh0= ,     (66) 
( )

( )

[ ]
∫

−

−

−

=
t

dt
an

n
m

nn
n

β
α

σφ
12

3
122

6
0

22

2122

sinh

2 ,    (67) 

[ ] ( )2,1
sinh 5,15,1

0

== − le
ta

c iD
m

l
l β

ψ ,    (68) 

[ ] ( )4,3
sinh 5,15,1

0

== − ke
ta

c iD
m

k
k β

ψ    (69) 

and the following expression for the potential 

( )
12

222

222
3

2

26
0

2
22

2
1213

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+=

n
n

m

cn
un

c
uamV

α
σεαεβ .  (70) 

Here 

[ ] [ ] dtt
an

ntm
c
aD n

mn
n

m∫
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−= −

−
− β

α
σαββε 12

312

6
0

22

2
232

3
0 sinh

2
sinh2    (71) 

and jc  obey the condition (70). The expressions for the equation of state and deceleration parame-
ters take the form 

[ ] [ ]
m

tmqt
m

ββω
2

2 tanh1,tanh
3
21 +−

−=−−= .   (72) 

These formulas tell us that this solution can describes the accelerated and decelerated expansion 
phases of the universe. 
ii) Finally, we consider the following solution for the scale factor: 

( )consteaa t == ββ
0 .     (73) 

In this case, we have 

tea
cuHH βε

β 33
0

,0, === &      (74) 

and 

12
66

0
22

2

2
−= n

tean
X βα

σ ,    (75) 

12

66
0

22

2
1

2
2

−
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

n
n

tean
nY βα

σαε ,    (76) 

( )
12

66
0

22

2
2

2
123

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=

n
n

tean
nV βα

σαβ ,   (77) 

23β−=K .      (78) 
So finally we get the following solutions of the g-essence: 

teaa β
0= ,     (79) 

( )
( ) ( )

βα
σφ

β

3
212 21

3

122
6
0

22

2122 t
n

nn
n en

an

−
−

− −
= ,    (80) 
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( )2,1

12
312

6
0

22

22

23
2

5,15,1
0

==
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
− −

−

le
ea
c

n
tn

n

e
anc

ni

t
l

l

β

α
σ

β
εα

βψ ,   (81) 

( )4,3

12
312

6
0

22

22

23
2

5,15,1
0

== ⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−

ke
ea
c

n
tn

n

e
anc

ni

t
k

k

β

α
σ

β
εα

βψ    (82) 

and the following expression for the potential 

( )
12

222

222
2

2
123

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=

n
n

cn
unV

α
σεαβ .    (83) 

As is well-known that in this case the equation of state and deceleration parameters are: 
1,1 −=−= qω .     (84) 

In this work we studied the g-essence model for the particular Lagrangian: 
( )[ ]ψψεα ,2 VYXRL n −++=  which involves the scalar and fermionic fields. The g-essence mod-

els were proposed recently as an alternative and as a generalization to scalar k-essence. We have 
presented the 3 types solutions of the g-essence model. We reconstructed the corresponding poten-
tials and the dynamics of the scalar and fermionic fields according the evolution of the scale factor. 
We calculated the equation of state and deceleration parameters for the presented solutions. The ob-
tained results tell us that the model can describes the decelerated and accelerated expansion phases 
of the universe. 

We want, however, to conclude with more conservative viewpoint that further work is needed 
to understand whether g-essence can be relevant in realistic cosmology indeed. 
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G-ЭССЕНЦИЯДАН ҮДЕТІЛГЕН ƏЛЕМ 

 
Ф.Б. Белисарова, К.К. Ержанов, П.Ю Цыба, Ш. Мырзақұл, И.И. Құлназаров 

Бұл жұмыста ( )[ ]ψψεα ,2 VYXRL n −++=  лагранжиан түрі үшін g-эссенция моделі 
зерттеледі. Соңғы жылдары g-эссенция моделдері k-эссенцияның жалпыланған түрі жəне соның 
альтернативасы  ретінде ұсынылды. g-эссенция моделінің 3 түрлі шешімі көрсетілген. Скалярлық 
жəне фермиондық өрістердің сəйкес потенциалдары мен динамикасы қайта өнделген. Алынған 
нəтижелер, g-эссенция моделінің Əлемнің үдемелі кеңеюін жəне тежелдіру фазаларын түсіндіре 
алатындығы көрсетілген. 

 
УСКОРЯЮЩАЯСЯ ВСЕЛЕННАЯ ИЗ G-ЭССЕНЦИИ  

 
Ф.Б. Белисарова, К.К. Ержанов, П.Ю Цыба, Ш. Мырзакул, И.И. Кульназаров 

В работе исследуется модель g-эссенции для лагранжиана вида ( )[ ]ψψεα ,2 VYXRL n −++= . 
Модели g-эссенции были предложены в последнее время в качестве альтернативы и как обобщение к-
эссенции. Представлено 3 типа решений модели g-эссенции. Восстановлены соответствующие по-
тенциалы и динамика скалярных и фермионных полей в соответствии с эволюцией масштабного фак-
тора. Полученные результаты показывают, что модель g-эссенции может описывать фазы торможе-
ния и ускоренного расширения Вселенной. 


