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HAMILTONIAN STRUCTURE AND SOLITONS FOR KONNO-OONO EQUATION WITH SELF-

CONSISTENT SOURCES  
 

In this paper, we investigate the system of Konno-Oono equation with self-consistent 
sources. The aim of this research is to determine the conserved quantities (Hamiltonians) from 
the Riccati equations for the Konno- Oono system with self-consistent sources and to obtain one-
soliton solutions using Hirota's bilinear method. This model provides an idealized description of 
how short pulses propagate in magnetic fields and in various physical contexts, including 
nonlinear waves, optics, and hydrodynamics. We obtain Lax pairs and an integrability condition 
for systems of Konno - Oono equations. We derive its Hamiltonian structure by expanding the 
spectral parameter into inverse powers, resulting in an infinite hierarchy of conserved quantities 
expressed in terms of smooth real functions and their derivatives. We use the Hirota bilinear 
method to construct soliton solutions. By introducing transformations of the dependent variables 
and expanding them into power series, we obtain one-soliton solutions for the fields q, ρ, p, and 
η. We construct graphical representations of localized stable wave profiles characteristic of 
solitons in such systems. 

Keywords: conserved quantities, soliton solution, Hirota bilinear method, dispersionless 
equation, integrable system, localized structure. 
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Өзіндік үйлесімді көздері бар Конно-Уно теңдеуінің гамильтондық құрылымы және 
солитондық шешімдері 

 

Бұл ұсынылған мақалада өздігінен үйлесімді көздері бар Конно - Уно теңдеулер жүйесі 
зерттелді. Зерттеудің мақсаты өздігінен үйлесімді көздері бар Конно - Уно жүйесі үшін 
Рикатти теңдеулерінен сақталатын шамаларды (гамильтонтандарды) анықтау және 
Хиротаның бисызықтық әдісін қолдана отырып, бір солитондық шешімдерді алу болып 
табылады. Бұл қарастырылған модель магнит өрістерінде және әртүрлі физикалық 
контексттерде, соның ішінде сызықтық емес толқындарда, оптикада және сұйықтар 
динамикасында қысқа импульстардың таралуының идеалдандырылған сипаттамасын 
береді. Конно - Уно теңдеулерінің жүйесі үшін Лакс жұптары және интегралдану шарттары 
алынды. Оның гамильтондық құрылымы спектрлік параметрді кері дәрежелерде кеңейту 
арқылы алынды, және бұл тегіс нақты функциялар және олардың туындылары арқылы 
өрнектелген сақталатын шамалардың шексіз иерархиясына әкелді. Сондай ақ, солитондық 
шешімдерді құру үшін Хирота бисызықтық әдісі қолданылды. Тәуелді айнымалыларды 
түрлендіруді енгізу және оларды дәрежелік қатарларда кеңейту арқылы q, ρ, p және η 
өрістері үшін бір солитондық шешімдер алынды. Мұндай жүйелердегі солитондарға тән 
тұрақты толқындардың локализацияланған профильдерінің графикалық көріністері 
құрылды.  

Түйін сөздер: сақталатын шамалар, солитондық шешім, Хирота бисызықтық әдісі, 
дисперсиясыз теңдеу, интегралданатын жүйе, локализацияланған құрылым. 
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Гамильтонова структура и солитонные решения уравнения Конно-Уно со 
самосогласованными источниками 

 
В данной работе исследована система уравнений Конно - Уно с самосогласованными 

источниками. Цель исследования данной работы является определение сохраняющихся 
величин (гамильтониан) из уравнений Риккати для системы Конно - Уно с 
самосогласованными источниками и получение односолитонных решений с 
использованием билинейного метода Хироты. Эта модель обеспечивает 
идеализированное описание распространения коротких импульсов в магнитных полях и в 
различных физических контекстах, включая нелинейные волны, оптику и гидродинамику. В 
работе были получены пары Лакса и условие интегрируемости для систем уравнений 
Конно - Уно. Была выведена его гамильтонова структура путем разложения спектрального 
параметра в обратные степени, что привело к бесконечной иерархии сохраняющихся 
величин, выраженных через гладкие вещественные функции и их производные. Был также 
использован билинейный метод Хироты для построения солитонных решений. Путем 
введения преобразований зависимых переменных и разложения их в степенные ряды 
получены односолитонные решения для полей q, ρ, p и η. Построены графические 
представления локализованных профилей устойчивых волн, характерные для солитонов в 
таких системах. 

Ключевые слова: сохраняющиеся величины, солитонное решение, билинейный метод 
Хироты, бездисперсионное уравнение, интегрируемая система, локализованная структура. 

 

Introduction 

Integrable systems or so-called solvable 

nonlinear differential equations have become widely 

used in mathematics and physics after the discovery 

of the inverse scattering method. By integrable 

systems we mean those that have an infinite hierarchy 

of symmetries and conservation laws. 

In addition to integrable nonlinear differential 

equations, there is another important class of 

integrable equations, often called dispersionless 

equations or hydrodynamic type equations. Equations 

of this type have been actively studied in recent years 

due to their appearance in various problems of 

physics and mathematics [1-8].  

Some of these equations are integrable in the 

Hamiltonian sense. Hamiltonians play an important 

role in the field of integrable systems, and they also 

have a fundamental place in other areas of physics 

and mathematics [9-15]. For this reason, 

Hamiltonians have found a remarkable number of 

applications in both physics and mathematics. They 

are often called the principal integrable system.  

Although the Konno–Oono coupled 

dispersionless system was initially introduced as an 

integrable mathematical model, subsequent studies 

have shown that it can describe several physical 

phenomena. This model is used as an idealized model 

for the propagation of short pulses in magnetic fields, 

nonlinear waves, optics, and hydrodynamics. In the 

current literature, the Konno–Oono system is often 

considered as a model for describing current-field 

strings interacting with an external magnetic field. 

The solitons obtained by the Konno–Oono equation 

are used to describe directional waves in liquid 

crystals. In nematic crystals, the orientation of 

molecules changes in space. These changes propagate 

in the form of waves. The Konno–Oono model can 

describe the propagation of such nonlinear waves 

[16–24]. In addition, some forms of the Konno–Oono 

system are related to the Wadati–Konno–Ichikawa 

(WKI) spectral problem [2,3]. WKI systems are used 

to characterize short optical pulses, ultrashort laser 

waves, and optical solitons. A short light pulse 

propagating through an optical fiber is preserved as a 

soliton as a result of the balance of dispersion and 

nonlinearity. 

Dispersionless systems are often associated with 

hydrodynamic-type equations. The dispersionless 

limit of the Konno–Oono equation can be used for 

shallow water waves, hydrodynamic reductions, and 

quasiclassical flows. The generalized Konno-Oono 
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equation with self-consistent sources was studied in 

[25–26]. In these studies, the dispersionless limit and 

soliton surfaces were constructed, the Gaussian and 

mean curvatures were determined, and the surface 

area was calculated for an integrable equation without 

dispersion with self-consistent sources in Riemannian 

space. Darboux transformations and soliton solutions 

for the generalized Koono-Oono equation were 

obtained by the authors [27]. 

In this paper, soliton solutions are considered 

using the Hirota method for the generalized Koono-

Oono equation with self-consistent sources. From a 

methodological point of view, the Hirota method 

remains the main tool for constructing explicit 

solutions.

 

 

Materials and Methods 

 

The main formulas of the Konno-Oono equation 

with self-consistent sources (KOESCS) reads as [1] 

 

𝑞𝑥𝑡 − 4𝑎𝑞 + 2𝑝𝑥 = 0,                  (1) 

 

𝑟𝑥𝑡 − 4𝑎𝑟 − 2𝑛𝑥 = 0,                  (2) 

  

𝑎𝑥 − 0,5(𝑟𝑞)𝑡 + 𝑞𝑛 − 𝑟𝑝 = 0,    (3) 

 

𝜂𝑥 + 𝑟𝑝 − 𝑞𝑛 = 0,                       (4) 

  

𝑝𝑥 + 2𝑖𝜔𝑝 + 2𝜂𝑞 = 0,                (5) 

   

𝑛𝑥 − 2𝑖𝜔𝑛 − 2𝜂𝑟 = 0.                (6) 

 

This system is integrable. Its Lax representation (LR) 

can be expressed as 

 

  Ψ𝑥 = 𝑈2Ψ,                          (7) 

 

  Φ𝑡 = 𝑉2Ψ.                          (8) 

Here 

 𝑈2 = −𝑖𝜆𝜎3 + 𝑄, 𝑉2 =
𝑖

𝜆
𝐹 +

𝑖

𝜆−𝜔
𝐺,  

where  

 𝑄 = (
0 𝑞
𝑟 0

) , 𝐹 = (
𝑎 −0.5𝑞𝑡 − 𝑝

0.5𝑟𝑡 − 𝑛 −𝑎
),  

𝐺 = (
𝜂 𝑝
𝑛 −𝜂). 

Note that from equations (7)-(8) we have the 

following important formula 

 

 𝜂2 + 𝑛𝑝 = 𝑐𝑜𝑛𝑠𝑡   

  

or for simplicity  

  

 𝜂2 + 𝑛𝑝 = 1.   
 

Consider the following scale transformation 

 

 𝑎 → 0, 25𝑝, (𝑞, 𝑟) → 0, 5(𝑞, 𝑟).   

Then the KOESCS takes the form  

 

 𝑞𝑥𝑡 − 𝜌𝑞 + 4𝑝𝑥 = 0,                 (9) 

 

 𝑟𝑥𝑡 − 𝜌𝑟 − 4𝑛𝑥 = 0,               (10) 

  

 𝜌𝑥 − 0,5(𝑟𝑞)𝑡 + 2(𝑞𝑛 − 𝑟𝑝) = 0,  (11) 

 

 𝜂𝑥 + 0,5(𝑟𝑝 − 𝑞𝑛) = 0,          (12) 

  

 𝑝𝑥 + 2𝑖𝜔𝑝 + 𝜂𝑞 = 0,              (13) 

 

 𝑛𝑥 − 2𝑖𝜔𝑛 − 𝜂𝑟 = 0.              (14) 

 

In the case 𝑝 = 𝑛 = 𝜂 = 0 system (9)-(14) takes the 

form 

  

𝑞𝑥𝑡 − 𝜌𝑞 = 0, 
 

𝑟𝑥𝑡 − 𝜌𝑟 = 0, 
 

𝜌𝑥 − 0,5(𝑟𝑞)𝑡 = 0, 
 

which is a more standard form of the generalized 

Konno–Oono equation. 

 

Hamiltonian Structure 

From equations (7)-(8), we get the following 

scattering problem: 

 

 Φ1𝑥 = −𝑖𝜆Φ1 + 𝑞Φ2 Φ2𝑥 = 𝑟Φ1 + 𝑖𝜆Φ2   (15) 

 

and  

 

Φ1𝑡 = (
𝑖

𝜆
𝑎 +

𝑖

𝜆−𝜔
𝜂) Φ1 + (

𝑖

𝜆
(−0,5𝑞𝑡 − 𝑝) +

𝑖

𝜆−𝜔
𝑝) Φ2 (16) 

 

Φ2𝑡 = (
𝑖

𝜆
(0,5𝑟𝑡 − 𝑛) +

𝑖

𝜆 − 𝜔
𝑛) Φ1

+ (−
𝑖

𝜆
𝑎 −

𝑖

𝜆 − 𝜔
𝜂) Φ2. 

 

The integrability conditions read  
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𝑈2𝑡 − 𝑉2𝑥 + [𝑈2, 𝑉2] = 0,   
 

or in component form as the set of equations (1)-(6). 

We introduce the quantity  

 

  Γ =
Φ2

Φ1
.                              (17) 

 

Differentiating equation (17) with respect to 𝑥 and 𝑡, 

and using equations (15), (16) and (17), then 

equations (7)-(8) reduce to the Riccati equations: 

 

 Γ𝑥 = 𝑟 + 2𝑖𝜆Γ − 𝑞Γ2,                    (18) 

 

 Γ𝑡 =
𝑖

𝜆
(0,5𝑟𝑡 − 𝑛) +

𝑖

𝜆−𝜔
𝑛 − 2Γ (

𝑖

𝜆
𝑎 +

𝑖

𝜆−𝜔
𝜂) +

Γ2 (
𝑖

𝜆
(0,5𝑞𝑡 + 𝑝) −

𝑖

𝜆−𝜔
𝑝).  

 

From the relation  

 

Γ𝑥𝑡 = Γ𝑡𝑥 

 

we get  

(𝑞Γ)𝑡 = (
𝑖

𝜆
𝑎𝑥 +

𝑖

𝜆 − 𝜔
𝜂𝑥

+ Γ (
𝑖

𝜆 − 𝜔
𝑝 −

𝑖

𝜆
(0,5𝑞𝑡 + 𝑝)))

𝑥

, 

 

where the expressions on the left-hand side represent 

the conserved densities, whereas those on the right-

hand side represent the corresponding fluxes. From 

equation (15) we obtain  

 
Φ2𝑥

Φ2
= 𝑟Γ + 𝑖𝜆, 

 

then  

  ln Φ2 = ∫ 𝑟Γ𝑑𝑥 + 𝑖𝜆𝑥.               (19) 

 

Rearranging equation (18), we write it as  

 

  2𝑖𝜆𝑟(𝑟Γ) = 𝑟2 (
𝑟Γ

𝑟
)

𝑥
− 𝑟3 + 𝑞(𝑟Γ)2. (20) 

 

Then, we expand 𝑟Γ into a power series in inverse 

power of 𝜆 as follows 

 

  𝑟Γ(𝑥, 𝑡, 𝜆) = ∑ 𝜙𝑛(𝑥, 𝑡)𝜆−𝑛.∞
𝑛=1         (21) 

 

In the same way, we expand ln Φ2 into a power 

series in inverse power of 𝜆 so that  

 

  ln Φ2 = 𝐻0 + ∑ 𝐻𝑙𝜆−𝑙∞
𝑙=1 .             (22) 

 

Here 𝐻0 and 𝐻𝑙 are Hamiltonians (conserved 

quantities). By substituting (21) into (20) we obtain 

the following system of conservation laws 

 

 2𝑖𝜆𝑟 ∑ 𝜙𝑛𝜆−𝑛 = 𝑟2 (
∑ 𝜙𝑛𝜆−𝑛∞

𝑛=1

𝑟
)

𝑥
− 𝑟3 +∞

𝑛=1

𝑞(∑ 𝜙𝑛𝜆−𝑛∞
𝑛=1 )2.  

 

Next we get  

𝜙1 =
𝑖

2
𝑟2, 

 

𝜙2 =
1

4
𝑟𝑟𝑥, 

 

𝜙3 = −
𝑖

2
(𝑟 (

𝜙2

𝑟
)

𝑥
+

𝑞

𝑟
𝜙1

2), 

 

𝜙𝑛+1 = −
𝑖

2
(

𝑞

𝑟
∑ 𝜙𝑘𝜙𝑛−𝑘 + 𝑟 (

𝜙𝑛

𝑟
)

𝑥

𝑛−1

𝑘=1

) , 𝑛 ≥ 3. 

 

Then, by equating powers of 𝜆 on both sides of 

Equations (19), (21) and (22), we obtain an infinite 

number of Hamiltonians, which can be explicitly 

determined in terms of smooth real functions 

Φ𝑛(𝑥, 𝑡) and their derivatives, as follows 

  

𝐻0 = 𝑖𝜆𝑥, 
 

𝐻1 =
𝑖

2
∫ 𝑟2𝑑𝑥, 

 

𝐻2 =
1

4
∫ 𝑟𝑟𝑥𝑑𝑥, 

 

𝐻3 = −
𝑖

2
∫(𝑟𝑟𝑥𝑥 − 𝑞𝑟3)𝑑𝑥, 

 

𝐻𝑛+1 = −
𝑖

2
∫ (

𝑞

𝑟
∑ Φ𝑘Φ𝑛−𝑘 + 𝑟 (

Φ𝑛

𝑟
)

𝑥

𝑛−1

𝑘=1

) 𝑑𝑥, 

𝑛 ≥ 3. 
 

Bilinear forms and soliton solutions 

If 𝑟 = 𝑞̅, 𝑛 = 𝑝 ̅, then the system of equations 

(9)-(14) can be reduced to  

 

  𝑞𝑥𝑡 − 𝜌𝑞 + 4𝑝𝑥 = 0,                   (23) 

 

  𝜌𝑥 − 0,5(𝑞̅𝑞)𝑡 + 2(𝑞𝑝̅ − 𝑞̅𝑝) = 0,    (24) 

 

  𝜂𝑥 + 0,5(𝑞̅𝑝 − 𝑞𝑝̅) = 0,             (25) 

 

  𝑝𝑥 + 2𝑖𝜔𝑝 + 𝜂𝑞 = 0.               (26) 
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Certain soliton solutions for the nonlinear 

evolution equations can be constructed via the Hirota 

bilinear method. In the following, we will use this 

method to obtain multisoliton solutions for equations 

(23)-(26). Similar to Maxwell – Bloch equations, 𝑝 

and 𝜂 can be given by [1] 

 

𝑝 = 2𝜓1𝜓̅2, 𝑛 = −2𝜎𝜓̅1𝜓2, 
(27) 

𝜂 = |𝜓1|2 + 𝜎|𝜓2|2, 
 

where |𝜓1|2 − 𝜎|𝜓2|2 = 𝑐𝑜𝑛𝑠𝑡 and Ψ = (𝜓1, 𝜓2)𝑇 

satisfy the equations (14)-(15). Then the system of 

equations (23)-(26) takes the form  

 

𝑞𝑥𝑡 − 4𝑎𝑞 − 8𝑖𝜉𝜓1𝜓̅2 + 4𝑞(𝜎|𝜓1|2 + |𝜓2|2) = 0, 
(28) 

 

𝑎𝑥 − 0,5𝜎(|𝑞|2)𝑡 − 2𝜎(𝑞𝜓̅1𝜓2 + 𝑞̅𝜓1𝜓̅2) = 0, (29) 

 

 𝜓1𝑥 + 𝑖𝜉𝜓1 − 𝑞𝜓2 = 0,                  (30) 

 

 𝜓2𝑥 − 𝑖𝜉𝜓2 − 𝜎𝑞̅𝜓1 = 0.                (31) 

 

Through the transformations  

 

𝜓1 = 𝑒𝑖𝜉𝑥𝑎1, 𝜓2 = 𝑒𝑖𝜉𝑥𝑎2, 𝜓̅1 =  𝑒−𝑖𝜉𝑥𝑎̅1, 𝜓̅2

= 𝑒−𝑖𝜉𝑥𝑎̅2, 
 

we can rewrite equation (28)-(31) as 

  

𝑞𝑥𝑡 − 4𝑎𝑞 − 8𝑖𝜉𝑎1𝑎̅2 + 4𝑞(𝜎|𝑎1|2 + |𝑎2|2) = 0, 
(32) 

  

𝑎𝑥 − 0,5𝜎(|𝑞|2)𝑡 − 2𝜎(𝑞𝑎̅1𝑎2 + 𝑞̅𝑎1𝑎̅2) = 0, (33) 

 

 𝑎1𝑥 + 𝑖𝜉𝑎1 − 𝑞𝑎2 = 0,                (34) 

  

 𝑎2𝑥 − 𝑖𝜉𝑎2 − 𝜎𝑞̅𝑎1 = 0.             (35) 

 

Consider the following transformation  

 

𝑎 =
𝜌

4
, 𝜎 = −1, 

 

Then equations (32)-(35) take the following form: 

 

 𝑞𝑥𝑡 − 𝜌𝑞 − 8𝑖𝜉𝑎1𝑎̅2 + 4𝑞(|𝑎2|2 − |𝑎1|2) = 0, (36) 

 

 𝜌𝑥 + 2(|𝑞|2)𝑡 + 8(𝑞𝑎̅1𝑎2 + 𝑞̅𝑎1𝑎̅2) = 0,    (37) 

 

 𝑎1𝑥 + 𝑖𝜉𝑎1 − 𝑞𝑎2 = 0,                   (38) 

 

 𝑎2𝑥 − 𝑖𝜉𝑎2 + 𝑞̅𝑎1 = 0.                  (39) 

 

Bilinear forms 

Let us simplify the system (36)-(39). We then 

obtain  

 

 𝑞𝑥𝑡 − 𝜌𝑞 − 8𝑖𝜉𝑎1𝑎̅2 + 4𝑞(|𝑎2|2 − |𝑎1|2) = 0, (40) 

 

 𝜌𝑥 + 2(|𝑞|2)𝑡 + 8(𝑎1𝑥 + 𝑖𝜉𝑎1)𝑎̅1 − 8(𝑎2𝑥 −
𝑖𝜉𝑎2)𝑎̅2 = 0.  (41) 

 

With the dependent variable transformations 

 

𝑞 =
𝑔

𝑓
,                                     (42) 

 

 𝜌 = 1 + 2(ln(𝑓))𝑥𝑡,                        (43) 

 

 𝑎1 =
𝑟1

𝑓
,                                   (44) 

 

  𝑎2 =
𝑟2

𝑓
,                                   (45) 

 

we obtain the bilinear forms for Equation (40)-(41) as 

 
1

𝑓2
[𝐷𝑥𝐷𝑡(𝑔 ∙ 𝑓) − 𝑔𝑓 − 8𝑖𝜉𝑟1𝑟̅2]

−
2𝑔𝑓

𝑓4
[𝐷𝑥𝐷𝑡(𝑓 ∙ 𝑓) − 2(|𝑟2|2 − |𝑟1|2)] = 0, 

 

(
1

𝑓2
[𝐷𝑥𝐷𝑥(𝑓 ∙ 𝑓) + 2|𝑔|2])

𝑡

+ 8 ([𝐷𝑥(𝑟1 ∙ 𝑓) + 𝑖𝜉𝑟1𝑓]
𝑟̅1

𝑓2
)

+ 8 ([𝐷𝑥(𝑟2 ∙ 𝑓) − 𝑖𝜉𝑟2𝑓]
𝑟̅2

𝑓2
) = 0, 

or  

 

 𝐷𝑥𝐷𝑡(𝑔 ∙ 𝑓) − 𝑔𝑓 − 8𝑖𝜉𝑟1𝑟̅2 = 0,  (46) 

 

 𝐷𝑥𝐷𝑡(𝑓 ∙ 𝑓) − 2(|𝑟2|2 − |𝑟1|2) = 0,  (47) 

 

 𝐷𝑥𝐷𝑥(𝑓 ∙ 𝑓) + 2|𝑔|2 = 0,         (48) 

 

 𝐷𝑥(𝑟1 ∙ 𝑓) + 𝑖𝜉𝑟1𝑓 = 0,             (49) 

 

 𝐷𝑥(𝑟2 ∙ 𝑓) − 𝑖𝜉𝑟2𝑓 = 0,             (50) 

 

where 𝐷𝑥 and 𝐷𝑡 are the bilinear differential operators 

defined by  

 

𝐷𝑥
𝑙 𝐷𝑡

𝑛(𝑓 ∙ 𝑔) = (
𝜕

𝜕𝑥
−

𝜕

𝜕𝑥′
)

𝑙

(
𝜕

𝜕𝑡
−

𝜕

𝜕𝑡′
)

𝑛

𝑓(𝑥, 𝑡)

∙ 𝑔(𝑥′, 𝑡′)|𝑥′=𝑥,𝑡′=𝑡 

 

with 𝑥′ and 𝑡′ as three formal variables, 𝑓(𝑥, 𝑡) and 

𝑔(𝑥′, 𝑡′) being two functions, 𝑙 and 𝑛 are three 
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nonnegative integers. To obtain the soliton solutions 

of equation (46)-(50), we expand 𝑓, 𝑔, 𝑟1, 𝑟2 with 

respect to a small parameter 𝜖 as follows: 

 

𝑔(𝑥, 𝑦, 𝑡) =  𝜖𝑔1(𝑥, 𝑦, 𝑡) + 𝜖3𝑔3(𝑥, 𝑦, 𝑡) + ⋯, (51) 

 

𝑟2(𝑥, 𝑦, 𝑡) =  𝜖𝑟21(𝑥, 𝑦, 𝑡) + 𝜖3𝑟23(𝑥, 𝑦, 𝑡) + ⋯, (52) 

 

𝑓(𝑥, 𝑦, 𝑡) =  1 + 𝜖2𝑓2(𝑥, 𝑦, 𝑡) + 𝜖4𝑓4(𝑥, 𝑦, 𝑡) + ⋯, (53) 

𝑟1(𝑥, 𝑦, 𝑡) =  1 + 𝜖2𝑟12(𝑥, 𝑦, 𝑡) + 𝜖4𝑟14(𝑥, 𝑦, 𝑡) + ⋯, (54) 

 

where 𝑔𝑗, 𝑟2𝑗, 𝑟1𝑛(𝑗 = 1,3,5, … ; 𝑛 = 2,4,6, … ) are the 

complex functions of 𝑥 and 𝑡, and 𝑓𝑛 is the real 

function.  

Using expressions (51)-(54) and symbolic 

computation, we obtain the one-soliton solutions for 

equations (23)-(26). 

 

Results and discussion 

 

In order to obtain the one-soliton solutions for 

equations (23)-(26), we choose 

 

𝑔 = 𝜖𝑔1, 𝑟2 = 𝜖𝑟21, 
 𝑓 = 1 + 𝜖2𝑓2,                             5) 

𝑟1 = 1 + 𝜖2𝑟12. 
 

Substituting expression (55) into equations (46)-(50) 

and collecting the coefficients of the same power of 

𝜖, we have from equation (46) 

 

 𝜖1: 𝐷𝑥𝐷𝑡(𝑔1 ∙ 1) − 𝑔1 + 8𝑖𝜉𝑟21
∗ = 0,         (56) 

 

 𝜖3: 𝐷𝑥𝐷𝑡(𝑔1 ∙ 𝑓2) − 𝑔1𝑓2 + 8𝑖𝜉𝑟12𝑟21
∗ = 0,  (57) 

 

from equation (47) 

 

𝜖2: 𝐷𝑥𝐷𝑡(𝑓2 ∙ 1 + 1 ∙ 𝑓2) − 

2(𝑟21𝑟21
∗ + 𝑟12 + 𝑟12

∗ ) = 0, (58) 

 

 𝜖4: 𝐷𝑥𝐷𝑡(𝑓2 ∙ 𝑓2) − 2(𝑟12𝑟12
∗ ) = 0,  (59) 

  … 

 

from equation (48) 

 

 𝜖2: 𝐷𝑥
2(𝑓2 ∙ 1 + 1 ∙ 𝑓2) − 2(𝑔1𝑔1

∗) = 0, (60) 

 

 𝜖4: 𝐷𝑥
2(𝑓2 ∙ 𝑓2) = 0,                   (61) 

 … 

 

from equation (49) 

 

 𝜖2: 𝐷𝑥
2(𝑟12 ∙ 1 + 1 ∙ 𝑓2) + 𝑖𝜉(𝑟12 + 𝑓2) = 0, (62) 

 

 𝜖4: 𝐷𝑥
2(𝑟12 ∙ 𝑓2) = 0,                  (63) 

 …  

 

from equation (50) 

 

 𝜖1: 𝐷𝑥(𝑟21 ∙ 1) − 𝑖𝜉𝑟21 = 0,       (64) 

 

 𝜖3: 𝐷𝑥(𝑟21 ∙ 𝑓2) − 𝑖𝜉𝑟21𝑓2 = 0,       (65) 

 

Solving system of equations (56)-(65), we obtain 

 

𝑔1 = 𝑒𝜃1 , 
 

𝑟21 = 𝐴∗𝑒𝜃1
∗
, 

 

𝑓2 = 𝐵𝑒𝜃1+𝜃1
∗
, 

 

𝑟12 = 𝑆𝑒𝜃1+𝜃1
∗
, 

 

where 𝐴∗ = −
1−𝑘1

∗𝜔1
∗

8𝑖𝜉
, 𝐵 = −

1

(𝑘1+𝑘1
∗)2,  

𝑆 = −
((𝑘1+𝑘1

∗)−𝑖𝜉)

((𝑘1+𝑘1
∗)+𝑖𝜉)(𝑘1+𝑘1

∗)2, 𝜃1 = 𝑘1𝑥 + 𝜔1𝑡 + 𝜃0, 

𝑘1 = −𝑖𝜉, 𝑘1 is a complex constant.  

 

Setting 𝜖 = 1 and through expressions (42)-(45), we 

obtain the one-soliton solutions for the equation (40)-

(41) as follows:  

 

𝑞 =
𝑒𝜃1

1 + 𝐵𝑒𝜃1+𝜃1
∗ , 

 

𝜌 = 1 + 2(𝑙𝑛(1 + 𝐵𝑒𝜃1+𝜃1
∗
))𝑥𝑡, 

 

𝑎1 =
1 + 𝑆𝑒𝜃1+𝜃1

∗

1 + 𝐵𝑒𝜃1+𝜃1
∗ , 

 

𝑎2 =
𝐴∗𝑒𝜃1

∗

1 + 𝐵𝑒𝜃1+𝜃1
∗ , 

 

or with (27) we can obtain  

 

𝑞 =
𝑒𝜃1

1 + 𝐵𝑒𝜃1+𝜃1
∗ , 

 

𝜌 = 1 + 2(𝑙𝑛(1 + 𝐵𝑒𝜃1+𝜃1
∗
))𝑥𝑡, 

 

𝑝 = 2 (
1 + 𝑆𝑒𝜃1+𝜃1

∗

1 + 𝐵𝑒𝜃1+𝜃1
∗)

𝐴𝑒𝜃1

1 + 𝐵∗𝑒𝜃1+𝜃1
∗ , 
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𝜂 = |
1 + 𝑆𝑒𝜃1+𝜃1

∗

1 + 𝐵𝑒𝜃1+𝜃1
∗|

2

− |
𝐴∗𝑒𝜃1

∗

1 + 𝐵𝑒𝜃1+𝜃1
∗|

2

. 

 

Graphical representations of the one-soliton solutions 

are presented in Figures 1–3. 

 
Figure 1. One soliton solutions 𝑞 of the Konno-

Oono equation with self-consistent sources 

 

 
Figure 2. - One soliton solutions 𝜂 of the Konno-

Oono equation with self-consistent sources 

 

 

 
 

Figure 3. - One soliton solutions 𝑝 of the Konno-

Oono equation with self-consistent sources 

 

 

Figure 1 shows a localized nonlinear wave 

shaped like a single pulse and maintaining its shape 

as it propagates. Ultimately, a stable soliton is 

established (a balance between dispersion and 

nonlinearity). 

Figure 2 interprets the field of soliton η(x,t) and 

describes a localized structure that changes sign. This 

means that the environment actively reacts to the 

soliton, and energy is transferred within the system. 

Figure 3 shows that p(x,t) characterizes a 

localized pulsed and phase-sensitive structure. Unlike 

q, it can be complex and contains phase information. 

 

 

 

 

Conclusion 

 

In this paper, we have investigated the Konno-

Oono equation with self-consistent sources 

(KOESCS), an integrable extension of the coupled 

dispersionless equation. We derived its Hamiltonian 

structure by expanding the spectral parameter in 

inverse powers, yielding an infinite hierarchy of 

conserved quantities expressed in terms of smooth 

real functions and their derivatives. This framework 

underscores the integrable nature of the system, 

aligning it with broader classes of nonlinear 

differential equations that exhibit symmetries and 

conservation laws. 

Furthermore, we employed the Hirota bilinear 

method to construct soliton solutions. By introducing 

dependent variable transformations and power series 

expansions, we obtained explicit one-soliton 

solutions for the fields 𝑞, 𝜌, 𝑝 and 𝜂. Graphical 

representations illustrate the localized, stable wave 

profiles characteristic of solitons in such systems. 

Our results extend previous work on the standard 

Konno-Oono equation and its generalizations, 

providing new insights into soliton dynamics under 

self-consistent potentials. These findings may have 

applications in modeling physical phenomena, such 

as current-fed strings in magnetic fields or related 

integrable spin systems. Future research could 

explore multi-soliton interactions, rogue waves, or 

connections to other integrable hierarchies like the 

Heisenberg ferromagnet equations with self-

consistent potentials. 
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    q  x t − 4 a q + 2   p  x = 0 ,


    r  x t − 4 a r − 2   n  x = 0 ,


    a  x − 0 , 5    ( r q )  t + q n − r p = 0 ,


    𝜂  x + r p − q n = 0 ,


    p  x + 2 i 𝜔 p + 2 𝜂 q = 0 ,


    n  x − 2 i 𝜔 n − 2 𝜂 r = 0 .


   Ψ  x =   U 2 Ψ ,    


   Φ  t =   V 2 Ψ .  


    U 2 = − i 𝜆   𝜎 3 + Q ,     V 2 =   i  𝜆 F +   i  𝜆 − 𝜔 G ,  


  Q =  (    0  q   r  0 ) ,   F =  (    a  − 0 . 5   q  t − p   0 . 5   r  t − n  − a ) ,


  G =  (    𝜂  p   n  − 𝜂 ) .


    𝜂 2 + n p = c o n s t


    𝜂 2 + n p = 1 .


  a → 0 ,   25 p ,    ( q , r ) → 0 ,   5  ( q , r ) .


    q  x t − 𝜌 q + 4   p  x = 0 ,


    r  x t − 𝜌 r − 4   n  x = 0 ,


    𝜌  x − 0 , 5    ( r q )  t + 2 ( q n − r p ) = 0 ,


    𝜂  x + 0 , 5 ( r p − q n ) = 0 ,


    p  x + 2 i 𝜔 p + 𝜂 q = 0 ,


    n  x − 2 i 𝜔 n − 𝜂 r = 0 .


  p = n = 𝜂 = 0  


    q  x t − 𝜌 q = 0 ,


    r  x t − 𝜌 r = 0 ,


    𝜌  x − 0 , 5    ( r q )  t = 0 ,


   Φ  1 x = − i 𝜆  Φ 1 + q  Φ 2    Φ  2 x = r  Φ 1 + i 𝜆  Φ 2


   Φ  1 t =  (   i  𝜆 a +   i  𝜆 − 𝜔 𝜂 )  Φ 1 +  (   i  𝜆  ( − 0 , 5   q  t − p ) +   i  𝜆 − 𝜔 p )  Φ 2


   Φ  2 t =  (   i  𝜆  ( 0 , 5   r  t − n ) +   i  𝜆 − 𝜔 n )  Φ 1 +  ( −   i  𝜆 a −   i  𝜆 − 𝜔 𝜂 )  Φ 2 .


    U  2 t −   V  2 x +  [   U 2 ,   V 2 ] = 0 ,  


  Γ =    Φ 2   Φ 1 .


  x


  t


   Γ  x = r + 2 i 𝜆 Γ − q  Γ 2


   Γ  t =   i  𝜆  ( 0 , 5   r  t − n ) +   i  𝜆 − 𝜔 n − 2 Γ  (   i  𝜆 a +   i  𝜆 − 𝜔 𝜂 ) +  Γ 2  (   i  𝜆  ( 0 , 5   q  t + p ) −   i  𝜆 − 𝜔 p ) .


   Γ  x t =  Γ  t x


     ( q Γ )  t =    (   i  𝜆   a  x +   i  𝜆 − 𝜔   𝜂  x + Γ  (   i  𝜆 − 𝜔 p −   i  𝜆  ( 0 , 5   q  t + p ) ) )  x ,


     Φ  2 x   Φ 2 = r Γ + i 𝜆 ,


   ln ⁡   Φ 2 =  ∫  r Γ d x + i 𝜆 x .  


  2 i 𝜆 r  ( r Γ ) =   r 2    (   r Γ  r )  x −   r 3 + q    ( r Γ ) 2 .


  r Γ  


  𝜆


  r Γ  ( x , t , 𝜆 ) =   ∑  n = 1 ∞    𝜙  n  ( x , t )   𝜆  − n .


   ln ⁡   Φ 2  


  𝜆


   ln ⁡   Φ 2 =   H 0 +   ∑  l = 1 ∞    H  l   𝜆  − l .


    H 0


    H  l


  2 i 𝜆 r   ∑  n = 1 ∞    𝜙  n   𝜆  − n =   r 2    (     ∑  n = 1 ∞    𝜙  n   𝜆  − n  r )  x −   r 3 + q    (   ∑  n = 1 ∞    𝜙  n   𝜆  − n ) 2 .


    𝜙 1 =   i 2   r 2 ,


    𝜙 2 =  1 4 r   r  x ,


    𝜙 3 = −   i 2  ( r    (     𝜙 2  r )  x +   q  r   𝜙 1 2 ) ,


    𝜙  n + 1 = −   i 2  (   q  r   ∑  k = 1  n − 1    𝜙  k   𝜙  n − k + r    (     𝜙  n  r )  x ) ,   n ≥ 3 .


  𝜆


   Φ  n ( x , t )


    H 0 = i 𝜆 x ,


    H 1 =   i 2  ∫    r 2 d x ,


    H 2 =  1 4  ∫  r   r  x d x ,  


    H 3 = −   i 2  ∫   ( r   r  x x − q   r 3 ) d x ,


    H  n + 1 = −   i 2  ∫   (   q  r   ∑  k = 1  n − 1   Φ  k  Φ  n − k + r    (    Φ  n  r )  x ) d x ,  


  n ≥ 3 .


  n ≥ 3 .


  r =   q - ,   n =   p   -


    q  x t − 𝜌 q + 4   p  x = 0 ,


    𝜌  x − 0 , 5    (   q - q )  t + 2  ( q   p - −   q - p ) = 0 ,    


    𝜂  x + 0 , 5  (   q - p − q   p - ) = 0 ,  


    p  x + 2 i 𝜔 p + 𝜂 q = 0 .  


  p


  𝜂


  p = 2   𝜓 1     𝜓 - 2 ,   n = − 2 𝜎     𝜓 - 1   𝜓 2 ,


  𝜂 =    |   𝜓 1 | 2 + 𝜎    |   𝜓 2 | 2 ,


     |   𝜓 1 | 2 − 𝜎    |   𝜓 2 | 2 = c o n s t


  Ψ =    (   𝜓 1 ,     𝜓 2 )  T


    q  x t − 4 a q − 8 i 𝜉   𝜓 1     𝜓 - 2 + 4 q  ( 𝜎    |   𝜓 1 | 2 +    |   𝜓 2 | 2 ) = 0 ,


    a  x − 0 , 5 𝜎    (    | q | 2 )  t − 2 𝜎  ( q     𝜓 - 1   𝜓 2 +   q -   𝜓 1     𝜓 - 2 ) = 0 ,


    𝜓  1 x + i 𝜉   𝜓 1 − q   𝜓 2 = 0 ,  


    𝜓  2 x − i 𝜉   𝜓 2 − 𝜎   q -   𝜓 1 = 0


    𝜓 1 =   e  i 𝜉 x   a 1 ,     𝜓 2 =   e  i 𝜉 x   a 2 ,       𝜓 - 1 =     e  − i 𝜉 x     a - 1 ,       𝜓 - 2 =   e  − i 𝜉 x     a - 2 ,


    q  x t − 4 a q − 8 i 𝜉   a 1     a - 2 + 4 q  ( 𝜎    |   a 1 | 2 +    |   a 2 | 2 ) = 0 ,


    a  x − 0 , 5 𝜎    (    | q | 2 )  t − 2 𝜎  ( q     a - 1   a 2 +   q -   a 1     a - 2 ) = 0 ,


    a  1 x + i 𝜉   a 1 − q   a 2 = 0 ,  


    a  2 x − i 𝜉   a 2 − 𝜎   q -   a 1 = 0


  a =   𝜌 4 ,   𝜎 = − 1 ,


    q  x t − 𝜌 q − 8 i 𝜉   a 1     a - 2 + 4 q  (    |   a 2 | 2 −    |   a 1 | 2 ) = 0 ,


    𝜌  x + 2    (    | q | 2 )  t + 8  ( q     a - 1   a 2 +   q -   a 1     a - 2 ) = 0 ,


    a  1 x + i 𝜉   a 1 − q   a 2 = 0 ,  


    a  2 x − i 𝜉   a 2 +   q -   a 1 = 0


    q  x t − 𝜌 q − 8 i 𝜉   a 1     a - 2 + 4 q  (    |   a 2 | 2 −    |   a 1 | 2 ) = 0 ,


    𝜌  x + 2    (    | q | 2 )  t + 8  (   a  1 x + i 𝜉   a 1 )     a - 1 − 8 (   a  2 x − i 𝜉   a 2 )     a - 2 = 0 .


  q =   g  f ,  


  𝜌 = 1 + 2    (  ln ⁡   ( f ) )  x t ,  


    a 1 =     r 1  f ,  


    a 2 =     r 2  f ,  


   1    f 2  [   D  x   D  t  ( g ∙ f ) − g f − 8 i 𝜉   r 1     r - 2 ] −   2 g f    f 4  [   D  x   D  t  ( f ∙ f ) − 2  (    |   r 2 | 2 −    |   r 1 | 2 ) ] = 0 ,


     (  1    f 2  [   D  x   D  x  ( f ∙ f ) + 2    | g | 2 ] )  t + 8  (  [   D  x  (   r 1 ∙ f ) + i 𝜉   r 1 f ]       r - 1    f 2 ) + 8  (  [   D  x  (   r 2 ∙ f ) − i 𝜉   r 2 f ]       r - 2    f 2 ) = 0 ,


    D  x   D  t  ( g ∙ f ) − g f − 8 i 𝜉   r 1     r - 2 = 0 ,


    D  x   D  t  ( f ∙ f ) − 2  (    |   r 2 | 2 −    |   r 1 | 2 ) = 0 ,  


    D  x   D  x  ( f ∙ f ) + 2    | g | 2 = 0 ,  


    D  x  (   r 1 ∙ f ) + i 𝜉   r 1 f = 0 ,


    D  x  (   r 2 ∙ f ) − i 𝜉   r 2 f = 0 ,


    D  x


    D  t


    D  x  l   D  t  n  ( f ∙ g ) =    (   𝜕  𝜕 x −   𝜕  𝜕   x ′ )  l    (   𝜕  𝜕 t −   𝜕  𝜕   t ′ )  n f ( x , t ) ∙ g (   x ′ ,   t ′ )  |    x ′ = x ,     t ′ = t


    x ′


    t ′


  f ( x , t )


  g (   x ′ ,   t ′ )


  l


  n


  f ,   g ,     r 1 ,     r 2  


  𝜖


  g  ( x , y , t ) =   𝜖   g 1  ( x , y , t ) +   𝜖 3   g 3  ( x , y , t ) + … ,


    r 2  ( x , y , t ) =   𝜖   r 21  ( x , y , t ) +   𝜖 3   r 23  ( x , y , t ) + … ,


  f  ( x , y , t ) =   1 +   𝜖 2   f 2  ( x , y , t ) +   𝜖 4   f 4  ( x , y , t ) + … ,


    r 1  ( x , y , t ) =   1 +   𝜖 2   r 12  ( x , y , t ) +   𝜖 4   r 14  ( x , y , t ) + … ,


    g  j ,   r  2 j ,     r  1 n  ( j = 1 , 3 , 5 , … ; n = 2 , 4 , 6 , … )


  x


  t


    f  n


  g = 𝜖   g 1 ,     r 2 = 𝜖   r 21 ,


    f = 1 +   𝜖 2   f 2 ,    


    r 1 = 1 +   𝜖 2   r 12 .


  𝜖


    𝜖 1 :     D  x   D  t  (   g 1 ∙ 1 ) −   g 1 + 8 i 𝜉   r 21 ∗ = 0 ,  


    𝜖 3 :     D  x   D  t  (   g 1 ∙   f 2 ) −   g 1   f 2 + 8 i 𝜉   r 12   r 21 ∗ = 0 ,  


    𝜖 2 :     D  x   D  t  (   f 2 ∙ 1 + 1 ∙   f 2 ) −


  2 (   r 21   r 21 ∗ +   r 12 +   r 12 ∗ ) = 0 ,


    𝜖 4 :     D  x   D  t  (   f 2 ∙   f 2 ) − 2 (   r 12   r 12 ∗ ) = 0 ,


    𝜖 2 :     D  x 2  (   f 2 ∙ 1 + 1 ∙   f 2 ) − 2 (   g 1   g 1 ∗ ) = 0 ,


    𝜖 4 :     D  x 2  (   f 2 ∙   f 2 ) = 0 ,


    𝜖 2 :     D  x 2  (   r 12 ∙ 1 + 1 ∙   f 2 ) + i 𝜉 (   r 12 +   f 2 ) = 0 ,


    𝜖 4 :     D  x 2  (   r 12 ∙   f 2 ) = 0 ,


    𝜖 1 :     D  x  (   r 21 ∙ 1 ) − i 𝜉   r 21  = 0 ,  


    𝜖 3 :     D  x  (   r 21 ∙   f 2 ) − i 𝜉   r 21   f 2 = 0 ,  


    g 1 =   e    𝜃 1 ,


    r 21 =   A ∗   e    𝜃 1 ∗ ,


    f 2 = B   e    𝜃 1 +   𝜃 1 ∗ ,


    r 12 = S   e    𝜃 1 +   𝜃 1 ∗ ,


    A ∗ = −   1 −   k 1 ∗   𝜔 1 ∗  8 i 𝜉 ,     B = −  1     (   k 1 +   k 1 ∗ ) 2 ,  


  S = −   (  (   k 1 +   k 1 ∗ ) − i 𝜉 )  (  (   k 1 +   k 1 ∗ ) + i 𝜉 )   (   k 1 +   k 1 ∗ ) 2


    𝜃 1 =   k 1 x +   𝜔 1 t +   𝜃 0


    k 1 = − i 𝜉 ,     k 1  


  𝜖 = 1


  q =     e    𝜃 1  1 + B   e    𝜃 1 +   𝜃 1 ∗ ,


  𝜌 = 1 + 2   ( l n ( 1 + B   e    𝜃 1 +   𝜃 1 ∗ ) )  x t ,


    a 1 =   1 + S   e    𝜃 1 +   𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ ,


    a 2 =     A ∗   e    𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ ,


  q =     e    𝜃 1  1 + B   e    𝜃 1 +   𝜃 1 ∗ ,


  𝜌 = 1 + 2   ( l n ( 1 + B   e    𝜃 1 +   𝜃 1 ∗ ) )  x t ,


  p = 2  (   1 + S   e    𝜃 1 +   𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ )   A   e    𝜃 1  1 +   B ∗   e    𝜃 1 +   𝜃 1 ∗ ,


  𝜂 =    |   1 + S   e    𝜃 1 +   𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ | 2 −    |     A ∗   e    𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ | 2 .


  q


  𝜂


  p


  q ,   𝜌 ,   p   and   𝜂

