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HAMILTONIAN STRUCTURE AND SOLITONS FOR KONNO-OONO EQUATION WITH SELF-
CONSISTENT SOURCES

In this paper, we investigate the system of Konno-Oono equation with self-consistent
sources. The aim of this research is to determine the conserved quantities (Hamiltonians) from
the Riccati equations for the Konno- Oono system with self-consistent sources and to obtain one-
soliton solutions using Hirota's bilinear method. This model provides an idealized description of
how short pulses propagate in magnetic fields and in various physical contexts, including
nonlinear waves, optics, and hydrodynamics. We obtain Lax pairs and an integrability condition
for systems of Konno - Oono equations. We derive its Hamiltonian structure by expanding the
spectral parameter into inverse powers, resulting in an infinite hierarchy of conserved quantities
expressed in terms of smooth real functions and their derivatives. We use the Hirota bilinear
method to construct soliton solutions. By introducing transformations of the dependent variables
and expanding them into power series, we obtain one-soliton solutions for the fields g, p, p, and
n. We construct graphical representations of localized stable wave profiles characteristic of
solitons in such systems.

Keywords: conserved quantities, soliton solution, Hirota bilinear method, dispersionless
equation, integrable system, localized structure.
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O3iHAiK yinecimaj kesaepi 6ap KOHHO-YHO TeHAEYiHIH, rTaMUNBTOHABIK KYPbINbIMbl ¥KaHe
CONMUTOHABIK Wewimaepi

Byn ycbIHbIAFAaH MaKanaaa esiriHeH yiinecimai kesaepi 6ap KoHHo - YHO TeHaeynep xyneci
3epTTengi. 3epTreyaiH MakcaTbl e3fjiriHeH yinecimai kesgepi 6ap KoHHO - YHO yMeci yuwiH
PUKaTTM TeHAeynepiHeH caKTanaTtbiH lamanapabl (raMWAbTOHTaHAAP/Abl) aHbIKTay KaHe
XUpoTaHblH, BUCbI3bIKTLIK 3iCIH KoNAaHa oTbipbin, 6ip CONMTOHAbIK Wewimaepai any 6onbin
Tabbinaabl. byn KapacTblpblifaH MOAEAb MArHUT epicTepiHAe KaHe opTypAi GU3MKaNbIK
KOHTEKCTTepAe, COHbIH, iWiHAE CbI3bIKTbIK eMeC TONKbIHAApAa, ONTMKaZa KaHe CyMblKTap
OMHAMMKACbIHAA KbICKA MMMYAbCTapAblH, TapanybliHbIH, MAeanAaHAbIPbINFAaH  CMNATTaMachiH
bepesi. KOHHO - YHO TeHAeynepiHiH *Kyneci yWiH J1ake »KynTapbl XaHe MHTerpangaHy wapTrapbl
anbiHAbl. OHbIH rAMUABTOHAbIK KYPbI/IbIMbI CMEKTP/IK NapaMeTpai Kepi Aspexenepae KeHenty
apKbIabl anblHAbI, KaHe by Teric HaKTbl GYHKUMANAP KoHE onapablH TyblHAbIIAPbI apKbI/bI
OpHEKTeNreH CakTanaTblH LWamanapablH LWEKCI3 nepapxmnacbiHa akenai. CoHaan ak, CONUTOHABIK,
Wwewimaepai Kypy VYWiH XupoTa OMCbI3bIKTBIK a4ici KonaaHbinapl. Tayenai alHbiManbinapabl
TYPAEHAIPYAI eHTi3y »KoHe onapabl Apexenik KaTapnapaa KeHeWTy apKblibl g, P, P KaHe n
epicTepi ywiH 6ip CONMTOHABIK LWewimaep anbiHAbl. MyHAan Kynenepaeri CONMMTOHAAPFa ToH
TYpaKTbl TONKbIHAAPAbIH NOKaAM3aumMAnaHfFaH npoduabAepiHiH,  rpaduKanblk  KepiHicTepi
Kypblaapl.

TyWiH cesaep: cakTanaTblH LlIamanap, COAMTOHABIK LWewiMm, XMpoTa OUCLI3bIKTbIK a4ici,
AMCNepcuAchI3 TeHAeY, MHTEerpaniaHaTbiH KyMe, TOKaAu3aunanaHfaH Kypblibim.
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[aMUNBbTOHOBA CTPYKTYPa U CONUTOHHbIE PELEHUA YpaBHEHUA KOHHO-YHO €O
CaMOCOrNacoBaHHbIMU UCTOYHUKAMM

B ,D,aHHOVI pa60Te nccnegoBaHa CMCtema ypaBHeHMl‘;l KOHHO - YHO € camoCcOor/lacoBaHHbIMM
NCTOYHWKamK. Llenb nccnegoBaHma ,EI,aHHOlZ pa6OTbI ABNAETCA onpeaeneHmne CoOXpaHAKLWMXCA

BENMYMH  (raMUAbTOHMAH) M3 ypaBHEHMI PuKKaTM 4na  cucTemMbl  KOHHO -YHO ¢
CaMOCOr/N1aCoOBaHHbIMU  UCTOYHMKAMMU M MNOJYYEHME  OAHOCONIMTOHHbIX  pelleHuit ¢
MCNONb30BaHMEM  DUAMHENHOro  meToda  XMpoTbl.  3JTa  modens  obecnedymsaet

NaeanM3npoBaHHOE ONMcaHMe PacnpoOCTPaHEHUA KOPOTKMX MMMY/IbCOB B MarHWUTHbIX MOSX U B
Pa3/IMYHbIX GU3MYECKMX KOHTEKCTAX, BKAOYAA HE/IMHEHbIE BOHbI, ONTUKY U TMAPOANHAMUKY. B
paboTe H6biAM NosydeHbl Napbl flakca M yCAOBUE UHTErPUPYEMOCTU ANA CUCTEM YypPaBHEHMWIA
KoHHO - YHO. Bbina BbiBEAEHA €ro raMmibTOHOBA CTPYKTYPa MyTeM Pa3/IoKeHUA CreKTPasbHOro
napameTpa B obpaTHble CTemneHu, YTO MpUBENO K HECKOHEYHOW MepapxiMu COXPaHsHoLLMXCA
BE/IMYMH, BbIPaXEHHbIX Yepes rMafKkue BellecTBeHHble GyHKUMN U UX MPOU3BOAHbIE. Bbii Takke
MCMONb30BaH BUAMHENHbIN MeTod, XWMPOTbl ANS MOCTPOEHUS COMIMTOHHBIX pelleHnid. MyTem
BBeAEHMA NpeobpasoBaHU 3aBUCUMbIX NMEPEMEHHbIX M Pa3NOKEHUA UX B CTEMeHHble pAdbl
NoAyYyeHbl OAHOCO/IMTOHHbIE pelleHus Ana nonen g, p, p v n. MocTpoeHbl rpaduyeckme
npeacTaBieHns NoKaM30BaHHbIX NPOdUAER YCTONYMBLIX BOH, XapaKTepHble A5 CO/IMTOHOB B

TAKMX CUCTEMAX.

Kniouesble c/10Ba: COXpaHAOLLMECA BENYMHBI, CONUTOHHOE pelleHne, BUANHENHBIA MeTos
XnpoTbl, 6e3ancnepcroHHoe ypaBHEHME, MHTErpUpyeman CMCTEMA, IOKAANM30BaHHan CTPYKTYPa.

Introduction

Integrable systems or so-called solvable
nonlinear differential equations have become widely
used in mathematics and physics after the discovery
of the inverse scattering method. By integrable
systems we mean those that have an infinite hierarchy
of symmetries and conservation laws.

In addition to integrable nonlinear differential
equations, there is another important class of
integrable equations, often called dispersionless
equations or hydrodynamic type equations. Equations
of this type have been actively studied in recent years
due to their appearance in various problems of
physics and mathematics [1-8].

Some of these equations are integrable in the
Hamiltonian sense. Hamiltonians play an important
role in the field of integrable systems, and they also
have a fundamental place in other areas of physics
and mathematics [9-15]. For this reason,
Hamiltonians have found a remarkable number of
applications in both physics and mathematics. They
are often called the principal integrable system.

Although the Konno—Oono coupled
dispersionless system was initially introduced as an
integrable mathematical model, subsequent studies
have shown that it can describe several physical

phenomena. This model is used as an idealized model
for the propagation of short pulses in magnetic fields,
nonlinear waves, optics, and hydrodynamics. In the
current literature, the Konno—Oono system is often
considered as a model for describing current-field
strings interacting with an external magnetic field.
The solitons obtained by the Konno—Oono equation
are used to describe directional waves in liquid
crystals. In nematic crystals, the orientation of
molecules changes in space. These changes propagate
in the form of waves. The Konno—Oono model can
describe the propagation of such nonlinear waves
[16—24]. In addition, some forms of the Konno—Oono
system are related to the Wadati—-Konno—Ichikawa
(WKI) spectral problem [2,3]. WKI systems are used
to characterize short optical pulses, ultrashort laser
waves, and optical solitons. A short light pulse
propagating through an optical fiber is preserved as a
soliton as a result of the balance of dispersion and
nonlinearity.

Dispersionless systems are often associated with
hydrodynamic-type equations. The dispersionless
limit of the Konno—Oono equation can be used for
shallow water waves, hydrodynamic reductions, and
quasiclassical flows. The generalized Konno-Oono
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equation with self-consistent sources was studied in
[25-26]. In these studies, the dispersionless limit and
soliton surfaces were constructed, the Gaussian and
mean curvatures were determined, and the surface
area was calculated for an integrable equation without
dispersion with self-consistent sources in Riemannian
space. Darboux transformations and soliton solutions

Materials and Methods

The main formulas of the Konno-Oono equation
with self-consistent sources (KOESCS) reads as [1]

Qxe — 4aq + 2py =0, (1)
Tyt — 4ar — 2n, =0, 2)

ay — O;S(T'Q)t + qan —rp = 0; (3)

Nx +rp—qn=0, “4)
Dy + 2iwp + 2nq =0, ®)]
n, — 2ion — 2nr = 0. (6)

This system is integrable. Its Lax representation (LR)
can be expressed as

Wy = U, (7
d, = V,W. (8)
Here
Uy = —idos + Q,V, = F + =—G,
where
Q= (S g)’F - (0.51‘?— n _OIS—thl_ p)'

_(Mm p
G = (n —n)'
Note that from equations (7)-(8) we have the
following important formula

n? + np = const
or for simplicity
n? +np = 1.
Consider the following scale transformation

a—0,25p,(q,7) = 0,5(q,7).

for the generalized Koono-Oono equation were
obtained by the authors [27].

In this paper, soliton solutions are considered
using the Hirota method for the generalized Koono-
Oono equation with self-consistent sources. From a
methodological point of view, the Hirota method
remains the main tool for constructing explicit
solutions.

Then the KOESCS takes the form

Qxt —Pq +4px =0, ©
Tyt — PT —4n, =0, (10)
px = 0,5(rq)e + 2(qn —rp) = 0, (11)
Ny +0,5(rp — gn) =0, (12)
pPx + 2iwp +nqg = 0, (13)
n, — 2ion —nr = 0. (14)

In the case p = n = n = 0 system (9)-(14) takes the
form

dxt —pPq =0,

Txe —pr =0,

px - O,S(TQ)t = O;

which is a more standard form of the generalized
Konno—Oono equation.

Hamiltonian Structure
From equations (7)-(8), we get the following
scattering problem:

chx = —llq)l + qCDZ CDZX = T(bl + l){q)z (15)
and
Dy, = (ia + ﬁn) d, + (i (=0,5q: —p) +

L

——p) @, (16)

i
A—wﬁ)q}l

i i
+ (54 7o)

The integrability conditions read

i
Dy = (Z (0,51, —n) +




Z.K. Shanina and N. Serikbayev

Upe = Vox + [Uz, V2] = 0,
or in component form as the set of equations (1)-(6).
We introduce the quantity

P,

F=¢l.

(17)

Differentiating equation (17) with respect to x and ¢,
and using equations (15), (16) and (17), then
equations (7)-(8) reduce to the Riccati equations:

T, =7 + 20T — qT'2, (18)

i

i i i
Ft = z (O,ST't —'n) + mn - ZF(ia + o 7]) +
2 (L __t
r (l (0,5q¢ +p) —7— p)-

From the relation
It = Tix

we get
i i
(@D = | 7 ax + 77

[ i
+T <mp —7(0,5q; + P))) :

X

where the expressions on the left-hand side represent
the conserved densities, whereas those on the right-
hand side represent the corresponding fluxes. From
equation (15) we obtain

2x .
— =1rI'+i4,
(I)z T l

then

In®, = [rTdx + ilx. (19)

Rearranging equation (18), we write it as
20r(T) =72 () =73 +q(T)2. (20)
r/x

Then, we expand 7T into a power series in inverse
power of 1 as follows

T (x,t,A) = Ypeq Pr(x, )A™™. (21)
In the same way, we expand In @, into a power
series in inverse power of A so that
Ind, = Hy + %72, HjA7L. (22)

Here Hy, and H; are Hamiltonians (conserved
quantities). By substituting (21) into (20) we obtain
the following system of conservation laws

20y 5y o = r? (B dT) gy
r x
q(Zn=1 $nd ™.
Next we get
¢1 = 2
1= ZT )
1
¢2 = erm

=42 + L)

s = 2<qz¢¢ or(%) Jn=s

Then, by equating powers of 4 on both sides of
Equations (19), (21) and (22), we obtain an infinite
number of Hamiltonians, which can be explicitly
determined in terms of smooth real functions
@, (x, t) and their derivatives, as follows

H, = ilx,

H ifzd
= — r f
155 X
1
H2=Zfrrxdx,

i
Hy = —Ef(rrxx —qr3)dx,

f( zq)k (%) Jas

Bilinear forms and soliton solutions
If r=¢g,n=p, then the system of equations
(9)-(14) can be reduced to

dxt — pq +4px =0, (23)

px —0,5(@q): +2(qp —qp) =0, (24)
nx +0,5(@p — qp) =0, (25)

Py + 2iwp +nq = 0. (26)
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Certain soliton solutions for the nonlinear
evolution equations can be constructed via the Hirota
bilinear method. In the following, we will use this
method to obtain multisoliton solutions for equations
(23)-(26). Similar to Maxwell — Bloch equations, p
and 7 can be given by [1]

p= 21/J11l_’2'n = _201/_)1‘,02:
n = 1l? + oly,l?,
where |Y;]% — o, |? = const and ¥ = (¥, ,)7T

satisfy the equations (14)-(15). Then the system of
equations (23)-(26) takes the form

27

Qxe — 4aq — 8i&Y1 P, + 4q(al1* + [Y2]?) =0,
(28)

ay = 0,50(1q1*)¢ — 20(qP1¥, + qP13p2) = 0, (29)
Yix +iYP1 —qy2 =0, (30)
Yox — i§Y, —oqy, = 0. (3D
Through the transformations
Py = eB¥ay, P, = eFay, Py = em8¥ay, 1,
= e~ %¥qg,,
we can rewrite equation (28)-(31) as

+laz|?) =0,
(32)

qxt — 4aq — 8iéa,a, + 4q(ola,|?

a, — 0,50(|q1?); — 20(qa,a, + ga,a,) = 0, (33)

a, +ifay —qa, =0, (34)

ay, —iéa, —oqa, = 0. (35)

Consider the following transformation

Then equations (32)-(35) take the following form:

Qe — pq — 8ia, @, + 4q(|az|* — |a;|?) = 0, (36)
px +2(191*); + 8(qa,a; + qa,a;) = 0, (37)
aix +iéay —qa, =0, (38)

—iéa, +qa, = 0. (39)

Bilinear forms
Let us simplify the system (36)-(39). We then
obtain

Gxt — Pq — 8iéa,a; + 4q(lay|* — |a;1?) = 0, (40)

px +2(1q1*)¢ + 8(asx + i€a;)a; — 8(azy, —
ifaz)c_lz == 0 (41)

With the dependent variable transformations

q=% (42)
p=1+2(n(Nxe, (43)
a, = ;—1 (44)
a, = % (45)

we obtain the bilinear forms for Equation (40)-(41) as

1
f_2 [Dth(g f) —9f — 81'57"1772]
ﬁ@mqﬂzmv

(fJDD(ff)+HgH)

t

+8(10:01- 1) + i6721)75)
+8 (1020 ) = i612f175) =0

or

DyDi(g - f) — gf — 8iér 7, =0, (46)

DyDy(f - f) — 2|2 — I [?) = 0, (47)
DyDx(f ) +2lgI? =0,  (48)
Dy(ry- f)+iérf =0, (49)
Dy(ry - f) —i§m2f =0, (50)

where D, and D; are the bilinear differential operators
defined by

. d a8\ /9 a\"
DxD{(f - g) = <6x E)x’) (%_at') fxt)
g ) o=t

with x" and t’ as three formal variables, f(x,t) and
g(x',t") being two functions, | and n are three

)] =0,
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nonnegative integers. To obtain the soliton solutions
of equation (46)-(50), we expand f,g,r;, 1, with
respect to a small parameter € as follows:

gy, ) = €g1(x,y,0) + €2 g5(x, ¥, ) + -+, (51)
(6, ) = €ry(x,y,t) + €3ry3(x, y, 1) + -+, (52)
floy,t) = 1+e2fo(x,y,t) + €*folx,y,t) + -, (53)
Results and discussion

In order to obtain the one-soliton solutions for
equations (23)-(26), we choose

g = €91,12 = €7y,
f=1+€f, 5)
rn = 1 + 62T12.
Substituting expression (55) into equations (46)-(50)
and collecting the coefficients of the same power of
€, we have from equation (46)
€':D,Dy(g1-1) — g1 +8i€rs; =0,  (56)
€3: DyD(g1 * f2) — g1f2 + 8iérior31 = 0, (57)

from equation (47)

€2 DyD(fo 1+ 1 f,) —
2(rp1131 12 +112) = 0,(58)

e*: DyDi(f2 " f2) — 2(r12112) = 0, (59)

from equation (48)
€2:D{(f 1+ 1-f,) —2(g191) = 0, (60)

54:D£(f2'f2)=0: (61)

from equation (49)

€2:Di(rp 14+ 1-f,) +ié(riz + f2) = 0,(62)

e*: Da%(ﬁz f2) =0, (63)

from equation (50)
€l:D(1y 1) —ifry; =0, (64)
€3 Dy (131 * f2) — iémp1 f2 = 0, (65)

e,y t) = 1+ er,(x,y,t) + €trya(x,y,t) + -, (54)

where g, 125,11, = 1,3,5,...;n = 2,4,6, ...) are the
complex functions of x and ¢, and f,, is the real
function.

Using expressions (51)-(54) and symbolic
computation, we obtain the one-soliton solutions for
equations (23)-(26).

Solving system of equations (56)-(65), we obtain

g1 =e",
T21 = A*eel,

f2 — B€91+91,

le — 5391+91’

_ 1-kjw] _ 1
where A" = ———, B = (kp+k?
_ ((kq+k1)—i8) _
S = ~Tammnm ey 01 = kXt ot 46,
kq = —i&, k, is a complex constant.

Setting € = 1 and through expressions (42)-(45), we
obtain the one-soliton solutions for the equation (40)-
(41) as follows:

691

1= 15 perr

p=1+2(n(1+ Bef1*%1)),,,

1+ Sebrtb1

Qy =———2 "7
1+ Bef1+6:

Aref

Qy =———>"7o
1+ Be%1+0:

or with (27) we can obtain
ef1

1= T penen

p=1+2(n(1+ Be1*01)),,,

1+ Sef1+0i
p=2 <1 + Be91+9i>

Ae%
1+ Brefat0r’
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Arefi

1+ Sebu+6i|?
|1+ Befi+oi

1+ Beb:1161

7|

Graphical representations of the one-soliton solutions
are presented in Figures 1-3.

Figure 1. One soliton solutions q of the Konno-
Oono equation with self-consistent sources

Figure 2. - One soliton solutions 7 of the Konno-
Oono equation with self-consistent sources

Conclusion

In this paper, we have investigated the Konno-
Oono equation with self-consistent sources
(KOESCS), an integrable extension of the coupled
dispersionless equation. We derived its Hamiltonian
structure by expanding the spectral parameter in
inverse powers, yielding an infinite hierarchy of
conserved quantities expressed in terms of smooth
real functions and their derivatives. This framework
underscores the integrable nature of the system,
aligning it with broader classes of nonlinear
differential equations that exhibit symmetries and
conservation laws.

Furthermore, we employed the Hirota bilinear
method to construct soliton solutions. By introducing
dependent variable transformations and power series
expansions, we obtained explicit one-soliton

10

Figure 3. - One soliton solutions p of the Konno-
Oono equation with self-consistent sources

Figure 1 shows a localized nonlinear wave
shaped like a single pulse and maintaining its shape
as it propagates. Ultimately, a stable soliton is
established (a balance between dispersion and
nonlinearity).

Figure 2 interprets the field of soliton 7(x,#) and
describes a localized structure that changes sign. This
means that the environment actively reacts to the
soliton, and energy is transferred within the system.

Figure 3 shows that p(x,t) characterizes a
localized pulsed and phase-sensitive structure. Unlike
g, it can be complex and contains phase information.

solutions for the fields gq,p,p andn. Graphical
representations illustrate the localized, stable wave
profiles characteristic of solitons in such systems.

Our results extend previous work on the standard
Konno-Oono equation and its generalizations,
providing new insights into soliton dynamics under
self-consistent potentials. These findings may have
applications in modeling physical phenomena, such
as current-fed strings in magnetic fields or related
integrable spin systems. Future research could
explore multi-soliton interactions, rogue waves, or
connections to other integrable hierarchies like the
Heisenberg ferromagnet equations with self-
consistent potentials.
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    A ∗ = −   1 −   k 1 ∗   𝜔 1 ∗  8 i 𝜉 ,     B = −  1     (   k 1 +   k 1 ∗ ) 2 ,  


  S = −   (  (   k 1 +   k 1 ∗ ) − i 𝜉 )  (  (   k 1 +   k 1 ∗ ) + i 𝜉 )   (   k 1 +   k 1 ∗ ) 2


    𝜃 1 =   k 1 x +   𝜔 1 t +   𝜃 0


    k 1 = − i 𝜉 ,     k 1  


  𝜖 = 1


  q =     e    𝜃 1  1 + B   e    𝜃 1 +   𝜃 1 ∗ ,


  𝜌 = 1 + 2   ( l n ( 1 + B   e    𝜃 1 +   𝜃 1 ∗ ) )  x t ,


    a 1 =   1 + S   e    𝜃 1 +   𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ ,


    a 2 =     A ∗   e    𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ ,


  q =     e    𝜃 1  1 + B   e    𝜃 1 +   𝜃 1 ∗ ,


  𝜌 = 1 + 2   ( l n ( 1 + B   e    𝜃 1 +   𝜃 1 ∗ ) )  x t ,


  p = 2  (   1 + S   e    𝜃 1 +   𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ )   A   e    𝜃 1  1 +   B ∗   e    𝜃 1 +   𝜃 1 ∗ ,


  𝜂 =    |   1 + S   e    𝜃 1 +   𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ | 2 −    |     A ∗   e    𝜃 1 ∗  1 + B   e    𝜃 1 +   𝜃 1 ∗ | 2 .


  q


  𝜂


  p


  q ,   𝜌 ,   p   and   𝜂

